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ABSTRACT In this note we prove that Tr{MN+PQ} > 0 when the following two conditions are met:

(i) The quaternion hermitian matrices M,N,P,Q are structured as follows M= A-B N=B'—A", P=C-D, Q =
B+D) 1+ A+t

(ii)A,B are positive definite quaternion hermitian matrices and C,D are positive semidefinite quaternian hermitian
matrices.
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1. Introduction :

Trace inequalities are useful in many applications. For example, trace inequalities naturally arise in
control theory (see e.g, [9] ) and in communication system with multiple input and multiple output
(see eg., [11] ). In this paper, the authors prove an inequality for which one application has already been
identified : the uniqueness of a pure Nash equilibrium in concave games. Indeed, the reader will be able to
check that the proposed inequality allows one to generalize the diagonally strict concavity condition
introduce by Rosen in [10] to concave communication games with matrix strategies [1].

Let us start with scalar cas e . Lyed oepBfour r>daf>9,y s @ c>h0dTheh indan «
be checked that we have the following inequality.

(a—pB) (% - é) + (y—96) (B_-1|—6 - ﬁ) > 0. The main issue addressed here is to show that this
inequality has a quaternion hermitian counterparts. i.e., we want to prove the following Lemmas and
Theorem.

2. Auxiliary Results and Theorem:
The following Lemmas and Theorem is easy to prove with the help of quaternion hermitian
matrices.

Lemma 2.1:

Let A,B be two positive definite quaternian hermitian matrices. Then
T=Tr{(A-B)*(B'-=4"YH}>0 (2.1)
Proof:

Let, A =A0 +A1]+A2k, B =BO +31]+sz,
A= A + ATYj+ A3k, B = Byl + Bl + Btk

here,
A - B = AO +A1]+A2k - (BO +Bl] +sz) b (AO - Bo)+ (Al _Bl)]+ (Az —Bz)k
Bl —A'= By+ B+ By tk— (A1 + ATYj+ A7tk)
=(By ' — A+ (Bi'— AyDj + (B — Ak
T={(A-B)* (B = A7)} = {(Ao— Bo) + (41 — By)j + (A2 — Bk} = {(B; " — 4™)
+(By' — ATDj + By — A7)k}

T={(4) — Bo)(By ' — Ag") + (A1 — BB —AT)j+ (4, — By) By — A7k } =2 0
T={(A—-B)*(B'—A4"1H) >0}
[since A * B = AyBy + A{B1j + A, B,k and A,B are positive definite quaternion hermitian matrices]
That is,

T={(A-B)*(B1—4A"1)}>0
Then,

T=Tr{(A-B)*(B'=AD}>Tr(A—B)* Tr(B~1—A4"1)

T=Tr {(A— B) = Tr[(Ay — Bo) + (41 — B1)j + (A2 — By)K]
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T=Tr(B~'=A) = Tr[(B" = 4g") + (B! — A)j + (By ' — A7 )k]
So, T=Tr{(A—B)* (B —A™1)} = Tr{[(4o — Bo) + (A1 — B1)j + (42 — B)k] * [(By" — A1)
+ (B = AT+ (B = A7k} = 0
[since A * B = AgBy+ A1Bqj + A;Bk and A,B are positive definite quaternion hermtian matrices]
T=Tr{(A=B)*(B'—AD}>Tr(A-—B)+*Tr(B"'—A"1)>0
Therefore,T=Tr {(A—B)* (B"1 = A1)} =0
The proof is complete.

Lemma 2.2
Let, M and N be two positive semi definite quaternion hermitian matrices.
Then Tr{M*N} > 0
— (VA
Proof:
Let, M and N be two positive semi definite quaternion hermitian matrices.
SO, M=M0+M]_]+M2k
N=N0+N1]+N2k
Mx*x N = MONO + MlNlj + M2N2k [sinceA * B = AOBO +AlB1]+ Aszk]
Tr{M * N} = Tr(M)* Tr(N) = 0 [Since M and N are positive semi definite quaternion hermitian
-matrices]
Now,
Tr{M « N} = Tr (Mo + Myj + Myk) * Tr(Ng+ Nyj+ N,k) =0 =Tr(M)«Tr(N) =0
=Tr (MoNQ + M1N1j + MzNzk)
= TT(MoNO) + TT(MlNl)] + TT'(MzNz)k
> Tr(Mo)TT(No) + TT'(Ml)TT'(Nl)] + TT'(Mz)TT'(Nz)k
Since Tr(Ms) = Tr(N,) = 0 where, s =0,1,2
This implies that Tr{M*N} > 0
The proof is completed.

Lemma 2.3

Let A,B be two positive definite quaternion hermitian matrices and C,D be two positive semi definite
quaternion hermition matrices whereas X is only assumed to be quaternion hermitian.
Then Tr{XA'+«XB }-Tr{X(A+C)'+*X(B+D) '} =0 (2.3)
Proof:
Let, A=A0+A]j+A2K, BzBo+B1]+B2k, X=X0+X1]+X2k,

C=C0+C]J+ Czk, D= D[) +D1j+D2k,

A = A1+ ATYj + Ak, B~ =Byt + BrYj+ Bk

XA = XoAgt+ X1A7Y + X, A5k

XB™'= XoBy'+ XiBrYj + X,B; 'k

XA s« XB71 = (XoAgt + XoByh) + (X1ATY + X4BrY)j + (X,A31 + X, By Dk

Tr{XA 1« XB™1} > Tr(XoAy* + XoBy' 1) + Tr(X; A7 + X1 B V)j + Tr(X,A51 + X, By Dk > 0

So, Tr{XA™'x XB™1} >0 [sinceA* B = AyBy+ A1B1j + Ay B,k] N X3

A+0)7 = (A +C) + (A +C)T+ (A +B) 'k
(B+D)'= (Bo+ Do)+ (Bi+D)7j+ (B, + D) 'k

X(A+C)7x X(B+D) = (Xo(Ag+Co) ™ + X1 (A1 + C) 7Y + X5 (A, + C3)7tk)
* (Xo(Bo+ Do) 1 + X1 (B1 + €)Y + X2 (B + C2) k)

TriX(A+ )1+« X(B+ D)} =Tr { [Xo(Ao + Co)™* + X1(A1 + C)7Y + X, (A + C) k]
*[Xo(Bo + Do) ™' + X1(B1 + C1) 7Y + Xo(B2 + C2)k]} = 0

By Lemma 2.2, Tr(M * N) = Tr(M) = Tr(N)
Therefore, Tr{X(A+C) '+« X(B+ D)™ '} >Tr[X(A+ C)7']* Tr[X(B+D) ]=>0

So, Tr{X(A+C)™*« X(B+D)} =0 (2.5)
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From (2.4) — (2.5), we get Tr{XA 1« XB~1} = Tr{X(A+ C)~t* X(B+ D)™ '} =0
The proof is completed .

Theorem: 2.4
Let A,B be two positive definite quaternion hermitian matrices and C,D , two positive semi definite
quaternian hermitian matrices. Then
T=Tr{(A—B)*(B'—A)+({-D)+x[(B+D)t'=(4A+0C)1]} =0.
Proof:
Let, A =A0 +A1]+A2k, B = BO +Bl]+BZk1
A= A + ATYj+ A3k, B = Byl + Bl + Btk

here,
A—B = AO +A1]+A2k - (BO +Bl] +sz) = (AO - Bo)+ (Al _Bl)]+ (Az —Bz)k
B '— A= Byl + B+ By k— (At + ATYj + A3tk)
= (By = Ag) + (B! = A)j+ (B — Ay Dk
T={(A-B)*(B™ = A7)} = {(4y— Bo) + (41 — B1)j + (4, — Bo)k} = {(B; ' — Ag")
+(Br ' —AT)j+ (B = A3k}

T={(4o — Bo)(By ' — Ag") + (41 — B)) (B " — AT")j+ (42— B2) (B; ' — 43Dk } 2 0
T={(A—-B)*(B'—A4"1H) >0}
[since A* B = AgBy + A1Byj + A; B,k and A,B are positive definite quaternion hermitian matrices]
Thatis, T={(A—B) *(B"1 —A71)}>0
Then,

T=Tr{(A—B)+*(B™' =A™ D}>Tr(A—B)* Tr(B~' —A47Y)

T=Tr {(A— B) = Tr[(Ay — Bo) + (41 — B1)j + (A2 — By)K]

T=Tr(B' =A™= Tr[(By'— A" + (B — AT)j + (B — A1 )k]
So, T=Tr{(A—B)* (B™' =41} = Tr{[(4p —Bo) + (41 — B1)j + (A, — B)k] * [(By ' — Agh)
+ (B = AT+ (BT =431k} =0

[since A * B = AygBy+ AyB1j + A; B,k and A,B are positive definite quaternion hermtian matrices]

T=Tr{(A—-B)*(B1—A)}>Tr(A-B)*Tr(B"!—4A1)>0

Therefore, T =Tr {(A-B)*(Bt-41H}y=0 ... (2.5)
Then, Let C = Cy + C1j + C;K, D = Dy,.Dyj + Dyk

Now,T = (C—=D) *[(B+D)™* = (A+ )] = ((Co— Do) + (C1 = D1)j + (C; — D)k)
[(Bo + Do) + (By + D1)j + (B2 + D)k) ™ — ((Ag + Co) + (A1 + C1)j + (A2 + C)k) !

T =Tr{(C~D)*[(B+ D)~ (A+ €)'} = Tr{((Co — Do) + (C = D1)j + (C2 — D3)k) *
[(Bo + Do) + (By + D1)j + (B2 + D)k) ™ — ((Ag + Co) + (A1 + C)j + (4 + C)R) ]}

2 TT{((CO - DO) + (Cl - Dl)] + (Cz - Dz)k) * TT'[(BO + Do) + (Bl + Dl)] + (BZ + Dz)k)_l
—((Ag+ Co) + (A1 + Cj + (A2 + CIR) ']}

>Tr(C—D)*Tr[(B+D)'— (A+C)7'1=0
>Tr{(C-D)*[(B+D) ' = (A+C)7']}=0
Therefore, T =Tr{(C—D)*[(B+D)™'- (4A+C)~'}=0 ... (2.6)
Adding (2.5) and (2.6), we have
T=Tr{A-—B)«*(B'—=AD}+Tr{(C-D)*[(B+D) 1= (A+C)]}=0
ThatisT =Tr {(A—B)*(B' =A™ )+ (C-D)*[(B+D)'—= (A+0O)7'}=0
The proof is complete
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