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ABSTRACT: In this paper we generalized Results common fixed point theorems for rational type contraction
mappings on complex valued metric spaces due to Fayaaz et.al, Azam et.al, and others.
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1 Introduction

Azam et al.[see[4]] in 2011 introduced the new concepts of complex valued metric spaces and find that the
existence of contractive conditions in fixed point theorem for mappings satisfying rational type
expressions.So many researchers are interested and generalized many concepts in complex valued metric
spaces.

Sintunavarat et al.[see[3]] proved common fixed point results in complex valued metric spaces and also
authors like Fayyaz et al. and others are interested proved results.Although , we are interested give some
good results of Analysis involving in this division.

2 Preliminaries

We recall some basic notions and definitions which will be useful for proving our main results.
Let C be the set of Complex numbers and z1, z; € C. Define partial order < on C as follows.

z1< 72 if and only if Re.(z1)< Re.(z2) also Im.(z1)< Im.(z2)

It follows that z1< z; if one of the following condition hold

1. Re.z, =Re. z, ,Im. z, < Im. z,
2. Re.zg <Re.z, ,Im z, =Im. gz,
3. Re.z, <Re.z, ,Im z <Im. z,

4. Re.z =Re.z, ,Im z, =1Im. z,
In particular, we will write Z, < Z, if Z, # Z, and one of (1), (2) and (3) is satisfied and we will write

Z, < Z, if only (3) is satisfied.

Definition 2.1 Let X be a nonvoid set. A mapping p : X X X — C is called a complete valued metric space
on X if the following conditions are satisfied

@O0 p(x,y) forall X,y€ X and p(X,y) =0 ifand if x=y.

@)p(x,y)=p(Y,X) forall X,y€ X

B)p(x, y)<p(x,2)+p(z,y) forall X,ye X .

Definition 2.2 Let (X, p) be a complete valued metric space

(1)Let {Xn} be a Cauchy sequence if for every O<c € C find a integer N such that p(Xn, Xm) < C for every m,n
= N.

(2)Let {Xn} converges to an element xe X if for every O<c € C find a intger N such that p(Xn, X) < C for all
nzN.

(3)Suppose that (X, p) is complete if for every Cauchy sequence in X converge to a point in X.
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Lemma 2.1 Let (X, p)be a complex valued metric space and let {X,} be a sequence in X.Then {X, }
converges to x if and only if |p(Xn , X)| —0as N — oo,
Lemma 2.2 Let (X, p)be a complex valued metric space and let {X,} be a sequence in X.Then {X,}

Cauchy sequence if and only if |p(X )| —0as N —> o,

n’ Xn+m

3 Main Results
In this section we generalized (see[5]) and proved our main results.

Theorem 3.1 Let K and L be self mappings defined on a complete complex valued metric space (X, p)
satisfying the condition that

p(Kx, Ly) < ap(x, y) + Pr(x Ly)p(y, Kx)p(Kx, Ly) _ 1 (x, Kx)p(y, Ly) p(Kx, Ly)

1+(p(x, ¥))* 1+p(x y)p(Kx, Ly)
x, ye X where o, 3,7 are non negative real’s with & + 3 +7 <1 then K and L have a unique common fixed

for every

point.

Proof Letus consider X, € X .

Define a X Kx X LX, .,y m=0,1,2,.... then

BP(XZm' LX2m+1)p(X2m+1’ KXZm)p(KXZm’ LX2m+l)
1+ (p(XZm’ X2m+1))2
Y0 (Ko s KXo ) P Komin s DXoman) P (KX LX)

1+ p(XZm ' X2m+1)p(KX2m ' LX2m+1)
= KX,,, therefore p(X KX,,) =0

2m+1 = 2m 2 2m+2 = 2m

—+

p(KXZm’ LX2m+1) < ap(XZm’ X2m+1) +

Since X

2m+1 2m+1?

Now,

)+ ’yp(XZm ! X2m+1)(p(X2m+1’ X2m+2))2

P (Kamazs Xomaz) S 0P (Xom s Xomia
m+ m+ m me 1+ p(Xgm, X2m+1)p(X2m+l' X2m+2)

y|p(X2m1 X2m+l)| ‘(p(X2m+l’ X2m+2 ))2‘
|1+ p(XZm' X2m+1)p(x2m+1’ X2m+2)|

Since |1+ p(XZm' X2m+1)p(X2m+1' X2m+2)| > |p(x2m’ X2m+1)p(x?_m+1' X2m+2)|
So that,

|p(X2m+1’ X2m+?_)| sa |p(X2m  Xomat)

|p(X2m+l' X2m+2)| o |p(X2m’ X2m+l)| +

+ Y|p(X2m+l’ X2m+2)|

|p(X2m+1’ X2m+2)| < %“)(XZm ! X2m+l)|

Letting o
etting § =——,
1

We have' |p(XS’Xs+1)| < g |p(Xs—1’ Xs)| < gZ |p(xs—2’ Xs—1)| < < gn |p(XO' X1)|

Then for any t>s, we obtain
|p(Xs’ X[)| = |p(xs’ Xs+1)| +|p(Xs+1’ Xs+2)| o +|p(xt—l’ Xt)|

P, X)|S[9° + 9%+ 4971  p (%, X))
Simplifying, we obtain that
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n
PO %) <2 P00 %)

Letas S — o we get

(%, %) =0

By lemma 2.2 says the sequence {XS} is a Cauchy sequence. Since X is complete, we find that some heX such
that X, > h as § — oo,

Suppose on the contrary that, let h # Kh .Let us consider p(h, Kh) =u>0
Therefore, we have

u=p(h,Kh) < p(h, Lxyp,.1) + p(LXyp,s, KN)
ﬁp(h’ LX2m+1)p(X2m+1’ Kh)p(Kh' LX2m+l) +

1+ (p (0, X))

2m+1?

= p(h' X2m+2) +O£p(h, X2m+1) +

Yo (h, KN) p (%o LXom.a) P (KR, LX)
1+ P(h’ X2m+1)p(Kh’ Lx2m+1)

Then we obtain for all m,

|p(h, Kh)| < |P(h’ X2m+2)| +O‘|P(h' X2m+1)| +

ﬁ |p(h’ X2m+2)||p(X2m+1’ Kh)”p(Kh’ X2m+2)| +
L+ (P (X))’

')/|U| |p(x2m+1’ X2m+2)||p(Kh’ X2m+2)|

1+ p (0, Xo,) P(KN, X1, )|
Letting S — oo, we get,
p(h,Kh) =0 which is contradiction that of our choice.

Therefore, h=Kh.

Similarly, we can also prove that h=Lh.

To prove the existence of uniqueness of common fixed point

Let us consider h* be in X which is the another common fixed point of Kand L
i.e.h"=Kh*=Th"

Then, p(h,h") = p(Kh, L") <app(h,h*) + 22 (h’l h+)(’; ((2”;1))’)’2(“’ h), » (12;‘))(’; (:‘]) Z‘)gr’]’, (hh) h)
PN LM EIGLY
1+ p(h,h")
Blp(hh)[p (", [|p(h,h)
1+(p(h,h"))?

+

So that [ p(h,h")| < a|p(h,h")

Therefore, [p(h,h")| < (ot + B)|p(h,h")

since, [1+(p(h,h"))°[>|(p(h,h"))’|
Which implies, [p(h,h")| <|p(h, h")| since o+ B <1

Which is contradiction to our choice, so that h=h"

Hence, Uniqueness existence of common fixed point.

By putting K=L, then the theorem3.1 can be viewed as an extension of Bryant theorem to complex valued
metric spaces.

Corollary 3.2 Let L: X — X be a self mapping defined on a complete complex valued metric space

(X, p) satisfying the condition p(L"X,L"y) <op(X, y) for all x, yeX where « is non negative real with
a<1 then Lis one and only one point x in X such that Lx=x.
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Example 3.3 Let X=C be the set of complex numbers. Define f:CXC — C as follows where z;=x;+iy,
z2=x,+iy2. Then (C, f) is a complete complex valued metric space.
Define L:C —C as
0 if xyeQ

3+2i if x,yeQ°

3 if xeQf%yeQ

4i if xeQ,yeQ°
Let us consider X =+/3 and Yy =0 we obtain

f(L(3),L(O) = f(3,0) =3<af (3,0) =3

Therefore, ¢ = \/§ which is contradiction as 0< o <1.
We notice that L2 z=0 so that 0= f (LZZl, LZZZ) <o f(z,z,) which shows that L2 satisfies the

requirement of Bryant theorem and z=0 is the unique fixed point of T.

L(x) =
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