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ABSTRACT: Graph labeling was first introduced in the late 1960’s. A graph labeling is the assignment of
labels, traditionally represented by integers to the vertices/edges or both of a graph. It is a recent developing
area in graph theory. In this paper, we established a general formula to label the vertices and edges of the
duplication of Kin; n>1 by different labeling parameters. Now we compare the radio number with the
minimum span of arithmetic, odd mean, even mean, graceful graphs. Also we have proved S,(G) =
S.(G)where S,(G) and S,(G)are minimum span (relative to the vertices) of odd mean and even mean
graphs.
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Introduction:

In 1967, A. Rosa published a pioneering paper on graph labeling problems (5). A labeling of a graph
G = (V,E) is a mapping f from the vertex set V into the set of non-negative integers that induces for each
edge uv € E, a label depending on the vertex labels f(u) and f(v). In 1973, E. Sampath Kumar introduced the
concept of Graph duplication and proved some results (6).

Definition: 1.1

A graph G is an ordered pair (V(G),E(G)) consisting of a non-empty set V(G) of vertices and a set
E(G), disjoint from V(G), of edges, together with an incidence function 1; that associate with each edge of G
is an unordered pair of vertices of G.

Definition: 1.2

A bipartite graph is a graph whose vertex set can be partitioned into two subsets V; and V;, such
that each edge has one end in /; and one end in V;.

A bipartite graph is said to be complete if every vertex of V; is joined to every vertex of V,. A
complete bipartite graph with |V;| = m and |V;| = n is denoted by K, ,. K1, is called a star graph forn = 1.
Definiton: 1.3

A labeling or valuation of a graph G is an assignment f of labels to the vertices of G that induces for
each edge xy alabel depending on the vertex labels f(x) and f(y).

Definiton: 1.4

The distance between any two vertices u and v denoted by d(u,v) is the length of a shortest u-v
path, also called a u-v geodesic.
Definiton: 1.5

Let G be a graph and v be a vertex of G. The eccentricity of the vertex v is the maximum distance
from v to any other vertex of G.

Thatis e(v) = max {d(v,w):w € V(G)}.

Definition: 1.6

The diameter of G is the maximum eccentricity among the vertices of G. Which is denoted by

diam(G) = max {e(v):v € V(G) }.

Definition: 1.7

The span of fis defined as max{|f (w) — f (V) |:u, v € V(G) }
Definition: 1.8

A radio labeling f of G is an assignment of nonnegative integers to the vertices of G satisfying,
[f(wW) — f(v)| = diam(G) + 1 —dg (w,v) Vu,v € V(G). The radio number denoted by rn(G) is the
minimum span of a radio labeling for G.
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Definition: 1.9

Let G be a graph with q edges and let a and d be positive integers. A labeling f of G is said to be (a,d)
- arithmetic if the vertex labels are distinct non-negative integers and the edge labels induced by
f(x) + f(y) for each xy are a, a+d, a+2d, ..., a+(q-1)d. A graph is called arithmetic if it is (a, d) - arithmetic
for some a and d.
Definition: 1.10

A function f is called an odd mean labeling of a graph G with p vertices and q edges. If fis an

injection from the vertices of G to the set {1,3,5,...,2q — 1} such that each edge uv is assigned the label

W’ then the resulting edge labels are distinct. A graph which admits an odd mean labeling is said to be

odd mean grah.
Definition: 1.11
A function f is called an even mean labeling of a graph G with p vertices and q edges. If f is an

injection from the vertices of G to the set {2,4,6, ...,2q} such that each edge uv is assigned the label w ,

then the resulting edge labels are distinct. A graph which admits an even mean labeling is said to be even
mean graph.

Definition: 1.12

Let G be a (p,q) graph. Let V(G) and E(G) be the vertex set and edge set of G. A function f is called
graceful labeling on G if f: V(G) — {0,1,2, ..., q} is injective and the induced function f*:E(G) - {1,2, ..., q}
defined as f*(uv) = |f(u) — f(v)] is injective. The graph which admits graceful labeling is called graceful
graph.
Definition: 1.13

Let G = (V,E) be a (p,q) - graph. The graph G is said to be (a,r) - geometric if it's vertices can be
assigned distinct positive integers so that the values of the edges obtained as the product of the numbers
assigned to their end vertices, can be arranged as a geometric progression a, ar, ar?,...,ar?7 L,
Definition: 1.14

A magic graph is a graph whose edges are labeled by positive integers, so that the sum over the
edges incident with any vertex is the same, independent of the choice of vertex; or it is a graph that has such
a labeling.
Definition: 1.15

A graph with q edges is called antimagic if its edges can be labeled with 1,2, ..., g so that the sum of
the labels of the edges incident to each vertex are distinct.
Definition: 1.16

Duplication of a vertex v of a graph G produces a new graph G' by adding a new vertex v such
that N(v') = N(v). In other words a vertex v is said to be duplication of v if all the vertices which are
adjacent to v in G are also adjacent to v in G'. Fora graph G, the graph obtained by duplication of all the
vertices of G is denoted by D(vG).
Theorem: 2.1

Let G = D(vG*) where G* =K;,; n>1 then rn(G) =4n+ 1.

Proof:

Given G = D(vG") is the duplication of all the vertices of K;,; n > 1.

Therefore, G consist of 2(n+1) vertices and 3n edges is representin (figure:1) as below

v, v v vy vh
(figure:1)
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The vertex set of G is denoted by
V(G) ={v,v,v,v;/ 1<i<n} where
deg (v) =n, deg (v;) =1;

v, v;€ G*and v', vi' are the duplication
of v,v;; 1 <i <n respectively and diam(G) =3
Define f:V(G) - N U {0}.
The label to the vertices of G as below.
f(vj:) =t ('t' beany non negative integer)
f)=2(-1D+t;2<i<n
f(v,) =2(n+i—-1+¢t1<i<n (D
f(v)—t+1 f) =4n+t+1

In equation (1), f(vl) =t is minimum and f(v) = 4n +t + 1 is maximum for any i.

Therefore, rn(G) =|f(v) — f(vl)l

= rm(G)=4n+1
Hence the proof. o

Theorem: 2.2

Let G = D(vG*) where G* = K; ,;n > 1 then Gis an arithmetic graph.
Proof:

GivenG = D(vG*) where G* = Ky ,; n > 1.
Therefore, |V(G)| =2(n+1), |[E(G)| = 3n and the graph is represented in (figure:1).
V(G) ={v,v,v;, v, /1 <i<n} wheredeg (v) = n, deg (v;) = 1;v, v;€ G*and
v, v; are the duplication of v, v;; 1 < i < n respectively.
Define f:V(G) » N where N is a set of non negative integers and the vertex labels are as below.
f (v) = any non negative integer
f@)=fw)+1, fo=fw)+1
f(v,y)—f(v)+21—1 1<is<n e (2)
f(v)—f(v)+2n+l 1<i<n

The edge labels induced by f(uv) = f(w) + f(v) are as follows.
f(vvl)—f(v)+f(v)+21—1 1<i<n
f(vv)—f(v)+f(v)+2n+l 1<i<n L . (3)
f(vvl)—Z(f(v)+l)—1 1<i<n

Using a constant distance ‘d’ where d be any positive integer, we can label to the vertices of G as

f(v) = t(‘t beanynon negative integer)

fw) = t+d

f) = d@i-D+t+L1<i<n [ e 4)
fw)) = d2n+D+t+1;,1<i<n

In similar, the edges of G also can be labeled as
f(vvé) = dR2i—-1)+2t+1;1<i<n
fv) = d2n+D+2t+5;1<i<n L L. (5)
fWv)= 2d+t)+1;1<i<n
The above equation (2), (3), (4), (5) gives the edge values of G are of the form
f(E(G)={a,a+d,..,a+(qg—1)d}.
Therefore, f is an arithmeticlabeling.
Hence, G is an (a,d) - arithmetic graph. =)

Corollary: 2.3

Let G =D(WG") where G*=K;,;n>1, S, bethe minimum span (relative to the vertices) of
arithmetic graph withd =1 then §, = rn(G) —n.
Proof:

Given, G = D(vG*)where G* = K;,; n>1 which is represented in (figure:1) and let S, be the
minimum span (relative to the vertices) of arithmetic graph.
To prove §, =rn(G) —n
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By theorem: 1,rn(G) = 4n +1

By equation (4), f (v) = t is minimum and f(v )=3n+t+ 1is maximum
for any i (since d = 1). )

Therefore, S, = max|fv;) — f(v) |

2 S,=3n+1

> S;+n=3n+1+n

2> S;t+tn=4n+1

=2 S +n=rn(G)

2 S,=r(G)—n

Hence the proof. =)
Theorem: 2.4
Let G = D(vG") where G* = K;,; n>1 then Gis an odd mean graph.

Proof:
leen G = D(UG )where G* = Ky ,; n > 1 is represented in (figure: 1) and
V(G) = {v,v,v;,v, ] 1<i<n}wheredeg (v) =n, deg (v;) = 1; v, ;¢ G*and v, v,
are the duplication of v, v;; 1 <i < n respectively.
Define f:V(G) - {1,3,5,...,2q — 1} as below
Let ’f(v) =3 ,
f@)=fW)+2, fw)=fw)-f(w-1
f(vl-’) =6i—1,2<i<n
fw)=f@+f@)-f@d | e (6)
fw)=3QRi—1);2<i<n
Then, label to the edges of G are

Fovy) _f(v)+2f(v1> Flov)) = f(v)+f(V1)
F'vy) = e )+f(v1)

fvy) —3l+1 2<i<sn, (7)
foy;) =3i;; 2<i<n
f(v’vi)=3i+2; 2<i<n
The labeling of vertices and edges are satisfies the odd mean labeling.
Hence G is an odd mean graph.

Corollary: 2.5
Let G =D(wG") where G* = K;,; n>1, S, be the minimum span (relative to the vertices) of
odd mean graph then §, = rn(G) + (2n — 3).
Proof:
Given G = D(vG*) where G* = K; ,; n > 1 isrepresented in (figure:1) and let S, be the minimum
span (relative to the vertices) of odd mean graph.
To prove S, =rn(G)+2n—3
By theorem:1, rn(G) = 4n+ 1
Equation (6) =f(v;) = 1 is minimum andf (v;) = 6n — 1 is maximum for all i.
Therefore, S, = maxi{if (v;) — f(v1)]

= S,=6n-2

> §,—-(2n—-3)=6n—-2—-2n-3)

= S,—(2n—-3)=4n+1

=  §,—(2n-3)=rn(G)

2  S,=rn(G)+(2n—-3)

Hence the proof. o
Theorem: 2.6
Let G = D(vG*) where G* = K;,; n>1 then Gis an even mean graph.

Proof:

Given G = D(vG*) where G* = K; ,; n > 1 is represented in (figure:1) and

V(G) = {v,v’,vi,vi’ / 1<i < n}wheredeg (v) =n, deg(v;) = 1; v,v;€ G*'and v, vi'
are the duplication of v, v;; 1 < i < n respectively.

Define f:V(G) - {2,4,6,...,2q} and the label to the vertices of G as below.
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Let f(v) =4 M

f)=fw)-2

fw)=6i;2<i<n > (8)

fW)=f@+2, fv)=2f@)
fw)=2@Bi-1);2<i<n

E(G) can be labeled as
fov)=fw) -1

fov) =3i+ 2; 2<isn

fovy=L@yen 9)

s >

f(vv)—3l+1 2<i<n
f(v 17) o )+f("1)

J

f(vv,)—3(1+1);2£i£n J
Clearly equations (8) and (9) satisfies the even mean labeling.
Hence G is an even mean graph. o

Corollary: 2.7
Let G =DWG™) where G*= Ky,;n>1, S, bethe minimum span (relative to the vertices) of
even mean graph then S, = rn(G) + (2n—3).
Proof:
Given G = D(vG*) where G* = Ky, ; n > 1 isrepresented in (figure:1) and let S, be the minimum
span (relative to the vertices) of even mean graph.
To prove S, =1rn(G) + (2n— 3)
By theorem:1, rn(G) = 4n+1
From equation (8), f(v1) = 2 is minimum and f(v;) = 6n is maximum for any i.
Therefore, Se = maxi{f (v;) — f(v1)]

2 S,=6n-2
» S,—(2n-3)=6n-2—-(2n-3)
® S —-—02n-3)=4n+1
=  S.—(2n—-3)=rn(G)
= S, =rn(G)+(2n-3)
Hence proved. o
Result: 2.8

Minimum span (relative to the vertices) of odd mean graph is same as the minimum span (relative
to the vertices) of even mean graph.

Proof:

The resultis trivial from corollary 2.5 and corollary 2.7.
Theorem: 2.9

Let G =D(vG") where G* = Ky, ; n>1 then Gis a graceful graph.
Proof:

Given, G = D(wG*) where G* =K;,; n>1 which is represented in (figure:1) and V(G) =
v, v vl,v /1<i<n} where deg (v) =n, deg (;) = 1; v,v,e G*and v, v are the duplication of v,
v;; 1< i <n respectively.
Define f:V(G) - {0,1,2,...,q}
Let f(v) =0 andf(v )y=1
flv)=2;1<i<n S (11
f(v)—2n+1 1<i<n
The edges of G are labeled by
fE(G) - {1,2,..,q} areas follows.
fov) =2i; 1<i<n
fov)=2n+i1<i<n (11
fWv)=2i—-1;1<i<n }
Clearly the vertices and edges of G are graceful.
Hence G is a graceful graph.
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Corollary: 2.10
Let G = D(vG*) where G*=K;,;n>1, §; be the minimum span (relative to the vertices) of
graceful graph then §; = rn(G) — (n + 1).
Proof:
Given, G =D(vG") where G* =K;,; n>1 is represented in (figure:1) and let S, be the
minimum span (relative to the vertices) of graceful graph.
To prove §; =rn(G) —(n+1)
By theorem: 1 ™m(G) =4n+1
From equation (10) of theorem: 2.11, f(v) = 0 is minimum and f(v ) = 3nis maximum for any i.
Therefore, S, =3n
Sg +(n+1)=3n+n+1)
Sg+t(n+1)=4n+1
S+ (n+1) =rn(G)
Sg=mn(G) — (n+1)
Hence proved.

3030

Theorem: 2.11

Let G = D(vG") where G* = K;,; n>1 then Gisan (ar) - geometric graph.
Proof:

From (figure:1) represented by the given graph G =D (vG*) where
G"=Kin;n>1.V(G)={v,v,v,v;/1 <i<n} wheredeg (v) =n, deg (v;) = 1; v,v,€ G" and v, v are
the duplication of v, v;; 1 < i < n respectively.

Define f: V(G) » M where Mis a set of positive integers and the vertex labeling of G is

fw) = wu>0
f(v) = ut,uandt>0andu #t
f(vy) = rnr>0andr #uandt e (12)
flv) = rt*Y;1<i<n
fw) = rt@+b1<i<n
The edges of G are labeled as
flov) = urt?-; 1<i<n
f(vv ) = wrt@®tib; 1<i<n } (13)
fWv) = wt@D;1<i<n
The edges are labeled in the form of a, ar, ar?, ..., ar?!
Hence, G is an (a,r) - geometric graph. o

Theorem: 2.12

Let G = D(vG*) where G* = K;,; n>1 thenG isan antimagic graph.
Proof:

Given, G = D(vG*) where G* = K;,; n> 1 isrepresentedin (figure:1).
[V(G)| =2+ 1),| E(G)| = 3n
Define f:E(G) — {1,2,...,q} and the edge labels are as follows:

Case(i)
If n=2 then
f(vvl) = 1<i<n
f(vv) =i+2;1<i<n
fWv) =i+4,1<i<n

Case(ii)
If n = 0(mod 4) then
foy;)) =i 1<i<n
n+1 if i=1

floy) = n+%+1 if i=2
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n+%+i ;0 3<i<n
n+l+i ; 1<i<(t-1)
f@'v) = %n+2 if iz%
. n .
Zn+i ; (Z+1)Sl<"
Case(iii)
If n =1(mod 4) then
foy,)) = ;1<i<n
n . .
n+lZJ if i=1
fov) = n+[’ﬂ+i ; 2<i<n
n+i ;o1=i<(|3-1)
' _ 5(n—-1) . . _|n
flowv) = (o) +2 i =
. n .
2n+i ; (lZJ'l'l)SlSn
Case(iv)
If n = 2(mod 4) then
) i ; 1<i<n
fv) =
EJ%—n if i=n
flwv) = EJ+n+i ;0 1<i<n
n+i-1 5 1<i<[y
f(vlvi)z
. n .
2n+1i ; ([ZJ"‘l)SlS"
Case(v)

If n+1 = 0(mod 4) then
foy,)) =i;1<i<n

( n+i ; 1<i<?2
fov) = )
n+ . .
(T)+Tl+l, 3<i<n
\§
- i . < (P
, n+i+2 ; 1313(4)
foy) =
. n+1 .
2n+1i ; ((T)+1)S1Sn

S
V(G) ={vv, v, vl-’/ 1 <i<n} Wheredeg (v) = n,deg (v;) = 1; v, v;€ G*and v, vl-' are the duplication of v,
v;; 1< i <n respectively.

The vertex labels are as follows:
Case (1)
If n =2 then
fw) =2+i, fvy) = 2(+2), f(v) = nd+2, () = n®+3.
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Case (2)
If n =0(mod 4) then
( n+() if i=landn=4
3n+(2)+l+1 if i=2andn=4
3n+()+21 ; 3<i<nandn=4
n+( )+3 if i=2andn=28
fw) = < 2n+ D) +i if i=1landn>4
2(n+1)+()+1 if i=2andn>8
2n+0)+ (%) +1 ; 3=<i<(t-1)
n+( )+l+2 ; l=—andn>8
\ 3n+(z)+2i ( )<iSnandn>4

fv) = i;1<i<n
f(U) _ (3n(34n+1)) -1
f(U’) _ (3n(3n+1))+1

4

Case (3)
If n = 1(mod 4) then

[ n+ |3 +32D 42 if i=landn=5
2n+lZJ+l if i=landn>5
fly) = X n+EJ (5(n 1))+l+2 if L—lJandn>5
2n+EJ+21 ; 2510 < (IZJ_l)
| 3n+2i+ |4  ([E]+1) sisn
fw)= i;1<i<n
fo) = (3n(3n+ 1) B
f(v')z (3n(3:+ 1))4_1
Case (4)
If n = 2(mod4) then
2n+ 2 +2i-1 ; 1<i<|y
fw) =
3n+2i+EJ ; (EJ+1) <i<n
, i ;0 1<i<n
f(v) =
e 7o
o = [RE)

fo) = l3n(3n + 1)J +1
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Case (5)
If n+1=0 (mod4) then
( 2n+i+1) if i=landn=3
3n+2i if i=2andn=3
(nTH)+3n+2i if i=3andn=3
f(vl-)=< 2(n+i+1) ; 1<i<2and n>3
() +2(n+i+1) ; 3<i<™ andn>3
n+1 . n+1 .
L (T)+3n+21 ; (T+1)SlSnandn>3

fo)=i;1<i<n

fw = |

F = |

3n(3n+1)
—

3n(3n+1
_LI_4+1

The labeling of vertices and edges are satisfies the antimagic labeling.

Hence G is an antimagic graph. o
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