[ VOLUME 6 I ISSUE 2 I APRIL– JUNE 2019]

E ISSN 2348 –1269, PRINT ISSN 2349-5138

RECENT DEVELOPMENTS IN THE THEORY OF DUALITY IN LOCALLY
CONVEX VECTOR SPACES
1Research

CHETNA KUMARI1 & RABISH KUMAR2*

Scholar, University Department of Mathematics, B. R. A. Bihar University, Muzaffarpur
2*Research Scholar, University Department of Mathematics T. M. B. University, Bhagalpur

Received: February 19, 2019

Accepted: April 01, 2019

ABSTRACT: : The present paper concerned with vector spaces over the real field: the passage to complex
spaces offers no difficulty. We shall assume that the definition and properties of convex sets are known. A
locally convex space is a topological vector space in which there is a fundamental system of neighborhoods
of 0 which are convex; these neighborhoods can always be supposed to be symmetric and absorbing.
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We shall be exclusively concerned with vector spaces over the real field: the passage to complex spaces
offers no difficulty. We shall assume that the definition and properties of convex sets are known.
A convex set A in a vector space E is symmetric if —A=A; then 0ЄA if A is not empty. A convex set A is
absorbing if for every X≠0 in E), there exists a number α≠0 such that λxЄA for |λ| ≤ α ; this implies that A
generates E. A locally convex space is a topological vector space in which there is a fundamental system of
neighborhoods of 0 which are convex; these neighborhoods can always be supposed to be symmetric and
absorbing. Conversely, if any filter base is given on a vector space E, and consists of convex, symmetric, and
absorbing sets, then it defines one and only one topology on E for which x+y and λx are continuous functions
of both their arguments. A semi-norm on a vector space E is a function p(x) defined on E,such that 0≤ p(x)< +
∞ for all x ЄE , p(λx) = |λ|p(x), and p(x+y) ≤ p(x)+p(y); the sets defined by any of the relations p(x)<α, p(x)≤ α
(α > 0) are convex, symmetric and absorbing; conversely, for every such set A, there exists one and only one
semi-norm p such that A contains the set p(x) < 1 and is contained in p(x) ≤ 1. From these remarks it follows
that the topology of a locally convex space can also be defined by a family (pα) of semi-norms, to which
correspond the neighborhoods of 0 defined by pα (x) < λ (λ>0); and conversely, such a family always defines
a locally convex topology. This topology is Hausdorff if and only if, for every x≠0, there is an α such that pα
(x)≠ 0; it is metrizable if the family (pα) is denumerable[1-2].
THE ς-TOPOLOGIES ON THE SPACES £(E, F)
The most important applications of locally convex spaces to functional analysis deal with linear operators,
that is, linear mappings from a functional space E into a functional space F, subject in general to conditions
related to the topologies of E and F. One is thus led, in particular, to study the set £(E, F) of all continuous
linear mappings of a locally convex space E into a locally convex space F. This is itself a vector space, and one
of the main problems of the theory is to define and to study on £(E, F) topologies related in a natural way to
those of E and F. The known methods of defining topologies on functional spaces by conditions of "uniform
smallness" on certain subsets [3] lead to the following tentative definition: for every subset A of E and every
neighborhood F of 0 in F, let T(A, V) be the set of all uЄ£(E, F) such that u(A)ϹV; one takes as a fundamental
system of neighborhoods of 0 in £(E, F) the sets T(A, V), where A runs through a family ς of subsets of E and
V through a fundamental system of neighborhoods of 0 in F. It turns out that this in fact defines a locally
convex topology (called ς-topology) on £(E, F), provided the sets A Є ς are bounded in E. If E and F are
Hausdorff, £(E, F)is Hausdorff if the union of the sets of ς is dense in E. The family ς can always be supposed
to consist of closed, convex, and symmetric sets, and to be such that the closed convex hull of the union of
any finite number of sets of ς belongs to ς. Among all ς -topologies for which the union of the sets of ς is E,
the finest is the topology for which ς is the set of all bounded, convex, closed symmetric sets of E (topology
of bounded convergence on £(E, F); when E and F are normed spaces, it is the usual norm or "uniform"
topology on £(E, F); the coarsest is the topology for which ς is the set of all bounded convex closed finitedimensional subsets of E (topology of pointwise convergence on £(E, F). A subset H of £(E, F)is bounded for
the ς -topology, or ς - bounded, if and only if for every set A Є ς , the union of the sets u(A), where uЄH, is
bounded in F. This notion depends in general on the family ς; however, if E is semi-complete any set which is
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bounded for the topology of pointwise convergence is also bounded for every ς -topology. In the next three
sections, all spaces will be supposed to be Hausdorff locally convex spaces.
t-SPACES AND THE BANACH-STEINHAUS THEOREM
Particularly important subsets of a space ℒ E, 𝐹 are the equicontinuous subsets: such a set H is
characterized by the property that for every neighbourhood V of 0 in F, there is a neighbor U of ) in E such
that 𝑢 𝑈 ⊂ V for all 𝑢 ∈ 𝐻. Equicontinuous subsets are 𝔖-bounded for every family 𝔖, but the converse
need not hold. A locally convex space E is called a t-space (French : "espace tonnele") if for every locally
convex space F, the subsets H of ℒ(E, 𝐹) which are bounded for the topology of pointwise convergence (that
is, such that for every 𝑥 ∈ 𝐸, the set of 𝑢(𝑥), where 𝑢 ∈ 𝐻, is bounded in F) are equicontinuous (hence
bounded for every 𝔖 -topology). This property implies the Banched-Steinhaus theorem : for every sequence
𝜇𝑛 of continous linear mappings of E into F, such that 𝜇𝑛 (𝑥) tends to a limit v(x) for every 𝑥 ∈ 𝐸, 𝑣 is a
linear continuous mapping of E into F, and 𝜇𝑛 converges uniformly to 𝑣 on every precompact subset of E.
Moreover, if the sequence (𝜇𝑛 ) is such that the set of 𝜇𝑛 𝑥 (𝑛 = 1,2 … ) is bounded in 𝐹 for every 𝑥 ∈ 𝐸, then
the same conclusion follows if convergence of (𝜇𝑛 (𝑥)) to a limit a assumed only in a dense subset of 𝐸,
provided 𝐹 is semicomplete. These properties, as is well known, are among the most often used in functional
analysis.
The definition of 𝑡 − spaces can be given an equivalent formulation in which only "internal"
properties of 𝐸 intervene. In a locally convex space 𝐸, 𝑎 𝑏𝑎𝑟𝑟𝑒𝑙 is a closed, convex, symmetric and absorbing
set; closed convex symmetric neighbourhoods of 0 are of course barrels. Now 𝐸 is a 𝑡 −space if and only if,
conversely, all barriers are neighbourhoods of 0[5-8].
The most important of t-spaces are the Baire spaces, that is, spaces in which every denumerable
intersection of open dense subsets is dense [7]; this is of course the case for Banach spaces and more
generally (𝐹)-spaces (locally convex, metrizable, complete spaces). But there are metrizable spaces which
are (𝐹)-spaces without being Baire spaces [7]; there are also nonmetrizable complete spaces which are 𝑡spaces without being Baire spaces, and complete spaces which are not /-spaces. The completion of a 𝑡 space
is a 𝑡 -space; products and quotients of 𝑡 -spaces are 𝑡 -spaces [7]. However, a closed subspace of a 𝑡 -space is
not necessarily a 𝑡 -space [9-11 ].
DUALITY IN LOCALLY CONVEX SPACES
The generally on spaces ℒ(E, 𝐹) of continuous linear operators apply in particular to the space 𝐸 ′ = ℒ(E, 𝐹)
of continuous linear forms (also called linear functional) ; this space is called the dual (or conjugate) of E.
The 𝔖 -topologies in E' can here be described in the following simple way: for any 𝑥 ∈ 𝐸, 𝑥 ′ ∈ 𝐸 ′ , write
(𝑥, 𝑥 ′ = 𝑥 ′ 𝑥 ; for any subset A of E, the polar 𝐴0 of A in E', is the set of all 𝑥 ′ ∈ 𝐸′ such that 𝑥, 𝑥 ′ ≤ 1 for all
𝑥 ∈ 𝐴; it is a convex, symmetric, and absorbing set. The 𝔖 −topology on E' has a fundamental system of
neighbourhoods which consists of finite intersections of the polars of the sets 𝐴 ∈ 𝔖. The most important
𝔖 − topologies on 𝐸′ are (as in general on spaces ℒ(E, 𝐹) the topology of pointwise convergence, also called
week* topology, and denoted by 𝜎 (𝐸 ′ , 𝐸) and the topology of bounded convergence, also called strong
𝑡𝑜𝑝𝑜𝑙𝑜𝑔𝑦, and denoted by 𝛽 (𝐸 ′ ,𝐸) (when E is a normed space, 𝛽 (𝐸 ′ ,𝐸) is simply the usual norm topology
on E'). Equicontinuous subsets of E' are those which are contained in plars V0 of neigbhourhoods of 0 in E;
these sets VO are weakly* compact by Tychonoff's theorem. Equicontinuous sets are strongly bounded, and
strongly bounded sets are weakly* bounded; in general these three classes of sets are distinct. However:
i.
every weakly* bounded set in E' is equicontinuous if and only if E is a t-space;
ii.
if E is semi-complete, every weakly* bounded set in E' is strongly bounded;
iii.
in order that every strongly bounded set in E' be equicontinous, it is necessary and sufficient that
every barrel in E, which absorbs all bounded subsets of E, be a neigbhourhood of 0; E is then said to
be a quasi-space; the completion of such a space is a t-space.
From the last results, it follows easily that E' is weakly* quasi-complete if E is a t-space, and strongly
quasi-complete if E is a t-space, and strongly quasi-complete if E is a quasi-space (for conditions insuring
completeness of E' (with the strong topology). Let E" be the dual of the space E', when the latter is given the
strong topology; E'' is called the bidual (or second conjugate) of E; not much is known in general about its
properties (for instance, it is not known whether E", with the strong topology (E", E'), is always complete,
even if E is a /-space). For every x∈E, consider the linear form x'→ (x, x') on E'; this linear form x is weakly*
(hence also strongly) continuous, and there-fore 𝑥 → 𝑥 is a linear mapping of E into E", which is easily seen
to be 1-1. E can thus be imbedded (algebraically) into E"; the topology 𝜎E, E') induced on E by the weak*
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topology 𝜎 (E", E') is called the weak topology on E ; it is coarser than the initial topology on that space, but
bounded sets and closed convex sets are the same for both topologies [8; 9]. In general, the imbedding 𝑥 → 𝑥
is not onto; in order that E" = E, it is necessary and sufficient that every bounded subset of E be relatively
compact for the weak topology (E, E'); E is then said to be semi-reflexive. The topology induced on E by the
strong topology (E", E') is in general distinct (and finer) than the initial topology on E ; it is identical to it if
and only if E is a quasi-t-space (see above) ; the weak* closures (in E " ) of the neighborhoods of 0 in E for
the initial topology constitute in that case a fundamental system of neighborhoods of 0 for (E", E'). In order
that E" = E and that the strong topology (E", E') coincides with the initial topology on E, it is necessary and
sufficient that E be a semi-reflexive t-space ; such spaces are called reflexive. The strong dual of a reflexive
space is a reflexive space. Let F be a closed subspace of a locally convex vector space E; the dual F' of F can
be identified in a natural way with the quotient space E'/F°, where F° is the orthogonal subspace to F in E',
and the dual of the quotient space E/F can be naturally identified with the sub-space F° of E'; moreover, the
weak topologies (F°, E/F) and (E'/F°, F) are respectively the induced and the quotient topology of (E', E)
[9]. However, when it comes to strong topologies, the corresponding results (which are true for Banach
spaces) do not hold any more, even for (F)-spaces or Montel spaces. In particular, a closed subspace of a
semi-reflexive space is still semi-reflexive, but a closed subspace of a reflexive space need not be reflexive,
and a quotient space of a reflexive space is not even necessarily semi-reflexive.
DUALITY IN SPECIAL SPACES
(F)-spaces are next to Banach spaces in the applications to functional analysis, and their theory has been
recently the subject of several papers [13-15], the deepest results being due to A. Grothendieck [10 ]. The
dual E' of an -space is always complete for the strong topology but is never metrizable unless E is a Banach
space. Moreover, it is not always a t-space (for the strong topology) even if E is separable [10]; however,
when E is reflexive, or when E' itself contains a de-numerable dense subset for the strong topology (in which
case E is necessarily separable itself), E' is a t-space [10]. In every case, the bidual E" is an (F)-space for the
strong topology [10-11]. A locally convex space E is called a Montel space if it is a t-space and if every
bounded closed subset of E is compact. A Banach space cannot be a Montel space unless it is finitedimensional ; but a great many functional spaces are Montel spaces, for instance the space of holomorphic
functions in a domain, with the compact-open topology, or most spaces which occur in the theory of
distributions. A Montel space is reflexive, and its strong dual is again a Montel space; but a closed subspace
of a Montel space need not be a Montel space; and an example has been given of a Montel space Ey which is
also a separable (F)-space, such that there is a quotient space E/F of E which is isomorphic to the Banach
space ji (hence fails to be reflexive).
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