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ABSTRACT In 1948, M. Ward [2] introduced this concept of an elliptic divisibility sequence and studied
arithmetic properties of such sequences. He also studied the relation of elliptic divisibility sequences with elliptic curves
and elliptic functions. In this paper we give some new results between elliptic curves, elliptic divisibility sequences and
elliptic functions.
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2. Introduction
2.1. Elliptic Divisibility Sequence
An elliptic divisibility sequence (W,) is a sequence of integers satisfying the non-linear recurrence
Wi snWin—n = m+1V|/m—1VVn2 - Wn+1Wn—1Wrr%

for all m = n > 1 and such that W, | W,, whenever n | m.
The following are some examples of an elliptic divisibility sequences.

1 W, = (n/3), where (n/p) is the Legendre symbol.

2 W)=11-112,-1,-3,-5,7,—4,—-23,29,59,129, -314, —65,1529, —3689, ...

3 W) =11.21,-7,-16,-57,—-113,670,3983,23647,140576,—833503, —14871471 —

147165662, —2273917871,11396432249, ...
Theorem 1.1 (Ward). Let (W, ) be a non-singular, non-degenerate elliptic divisibility sequence. Then there is
alattice A c C and a complex number z € C such that
o(nz; A)

[, =——— foralln>1.
o(z; )"
2.2. Weierstrass o-function

Definition 1.1. The Weierstrass o-function (associated to a lattice A ) is defined as

0(z) = o(z;N):= Zl_[ (1 - %) e%%(%)z,

wEA
w#0

where z is a complex variable. The Weierstrass o-function is of much importance to us because an elliptic
divisibility sequence can be parametrized using it. Therefore we will study the properties of Weierstrass o-
function in detail. We start with the following proposition.

Proposition 1.1. Let A c C be a fixed lattice. Let g(z) be the corresponding Weierstrass o-function. Then the
following statements holds.

(a) The infinite product (3) for o(z) defines a holomorphic function on C. The function o(z) has simple
zeros at each lattice point and no other zeros.

(b) Forall z € C\ Awe have
2

d
Elogm(z) = —(2)

(c) Forall z € C and for every w € A there are constants a, b € C, depending on w, such that
o(z + w) = e“*g(z2).

(d) The function ¢(z) is an odd function (i.e.,, 6(—2z) = —a(2) ).

Proof. (a) See [6] Chapter 6, Lemma 3.3].

(b) Taking logarithm in (3) yields

..... . z z 1,z\2
logie(z) = loghe + ; [logafﬁ(l - 5) + > + 5 (a) ]

w#0
Using (a) we can differentiate the above series, twice with respect to z, to get
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e =1y [+
dz 08 @) = Zz—w o ?
Differentiating again with respect to z yields
d? Lol (7 = 1 Z [ 1 1 ] 3
dz2 0gis(z) = 72 L (z—w)? w?l $(2).

w#0
(c) Using the fact that p(z) is periodic, from part (b) we have
2 2

d
@log‘:{f@'(z t+w)=—pPZ+w)=—p2) = ﬁlogw(z).

where a and b are constants. The result follows by exponentiating the above equation.

(d) We have
ZN —z,1/—2z\2
o(-2z) = —zl_[ 14— e?ﬁ(ﬁ) )
[0+2
wF

The above expression is equal to —g(z), since the product is taken over all the non-zero lattice points

3. q-Expansion of the Weierstrass o-function
Let T € H, where H = {z € C; Imi{z) > 0} is the upper half-plane. Let A, = Zt + Z be a normalized lattice
(i.e. one of the generators is 1). We will use the notations §(z; A;) = §#(z,7) and o(z; A,) = a(z,7). We note
that & and o can be considered as functions of two variables (z,t) € C X H. Since 1 € A,, the g-function
satisfies the relation @(z + 1,7) = #(z,7). This means that we can expand  as Fourier series in the
variable u = e?™Z, Similarly, since A,.; = A,, the g-function satisfies §(z,7+ 1) = ¢(z,7). Thus as a
function of 7, the function £ also has a Fourier expansion in terms of ¢ = e?™. More precisely, let
u= eZm’z and q= eZni‘r,

and let

q" ={q*;k e}
be the cyclic subgroup of the multiplicative group C* generated by g. Then there is a complex analytic
isomorphism

C/A, —C/q%,

7 — eZm’z_

Using this transformation, the following theorem gives the formula for the o-function in C*/q?.
Theorem 1.1: The g-product expansion for the o-function is given by

1 1 5 . 1-q¢™uwW)(1—q"u?!
a(u,q)=—ﬁ67nz —mz(l_u)l_[( q(lu)_(qm)g u )

m=1

Proof. See [7, Chapter I, Theorem 6.4 |
In [1] by employing Theorem[1.1] Silverman and Stephens proved the following result regarding the sign of
an EDS.
Theorem 1.2: Let (W) be an unbounded nonsingular elliptic divisibility sequence. Then possibly after
replacing (W,) by the related sequence ((—1)"W,,), there is an irrational number 8 € R so that the sign of
W, is given by one of the following formulas:

Signi?ﬁw,,) — (_1)[nﬁj foralln,

Signitw, ) = {(_1)[nﬁj+n/2 ;ifniseven,

(-D)=V/2 . ifnisodd,
where |. | denotes the greatest integer function.
Proof. See [1,Theorem 4 ].

4. Elliptic Nets
The concept of elliptic divisibility sequences has been generalized as follows.
Definition 2.1. Let A be a finitely-generated free abelian group, and let R be an integral domain. An elliptic
netisamap W:A — R with
W) =0,
and such that forall p,q,7,s € 4,
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Wp+q+sWp —W(r +s)W(r)
+ W@+r+s)W(@—r)W(p +s)W(p)
+War+p+s)War—pW(q+s)W(g)=0
If A = R = Z, this definition makes (W,) an elliptic divisibility sequence. The rank of en elliptic net is defined
to be the rank of free abelian group A.
Similar to division polynomials corresponding to nP, where P is a point on an elliptic curve E. We can define
net polynomials for n,P; + n,P, + ---+ n,.P., where P;, P,, ..., P, are r points on E. In order to do this we
define a function that generalizes f; (z) defined in Section 2.4.
4.1. Net Polynomials Over C
Let E be an elliptic curve over C. We will define rational functions Q,: E™ — C for all v € Z" such that for
each P € E™, the map

Wgp:Z" - C, v Q,(P)
is an elliptic net. More precisely we have the following definition.
Definition 2.2. Fix a lattice A c C corresponding to an elliptic curve E. For v = (v, vy, ..., v,) € Z", define a
function Q, on C" in variables z = (24, z,, ..., 2,,) as follows:
oc(vizy + vz, + -+ vz, A
QV(Z;A)Z (11 242 nén )

[Ty U(ZiiA)zviz_z;l:i il H1$i<j$n U(Zi + ZjFA)Uin
In special case of n = 1 for each v € Z, we have a function (), on C in the variable z, we have
o(vz,A)
Q@A) =—— 3
o(z,N)Y
In case of n = 2, for each pair (vy, v,) € Z X Z, the function Q,, ,.,y on C X C in variables z; and z, is
o(V1zy + V3255 )
o(zq; A)U%“’l"zo(zl + ZZ;A)”l"Za(ZZ;A)”%_Ul”ZI
We can show that (), satisfies (9p. Thus we have the following result.
Theorem 2.1: Fix a lattice A € C corresponding to an elliptic curve E. Fix zi,z,,...,z, € C. Then for
v = (vq,v,, ..., ) € Z", the function W:Z" — C defined by
W(V) = QV(le 22y ey Zp; A)

Q(vl,vz)(Zb 22 A) =

is an elliptic net.

Proof. See [3, Theorem 3.7 ].

Similar to the case of elliptic divisibility sequences, there is a relationship between elliptic nets and elliptic
curves. In [3] this relationship is made explicit using curve-net theorem.

5. The Signs in an Elliptic Net

In this thesis my plan is to generalize Theorem 1.2 to elliptic nets. I am aiming to find a formula for sign of an
elliptic net. In order to do that we need to generalize the g-expansion for the Weierstrass o-function for
z = (24, 2y, ..., Z,) by the transformation used in section 3 . For simplicity, we start by generalizing the q-
expansion for ¢ in two variables (z;, z,) and later we will try to extend this result for n variables.
Proposition 3.1. Let v = (v;,v,) € Z X Z and z = (z;,2,) € C X C. Let u; = e?™%1,u, = ¢?™?2, and q = e?™".
Then

_ 1 =,__31 2 . vy V2
o(v1z4 +132)) = —ﬁexp-x. .En(vlzl +v,25)° —wi(v12 + V325) 9(u1 u, ,q),

with

(1-q"w'uy?)(1 - g™ "y ™)
o ,a) = =) | D -
mz=
Since for (vy,v,) € Z X Z, the function Q,, ,,,j on C X C in variables z; and z, is
o(v1z; + V225, A)

0 (21; MI"1720 (21 + 7 A)"1720 (75 A2 12
therefore after substituting the value of o we should get the following expression
Conjecture 3.1. Let v= (vy,v,) EZX Z and z = (z,2,) € C x C. Let u; = e?™?1,y, = ¢?™%2, and q = e*™",
Then

Q(V1,172)(le 225 A) =

(v3—v3)/2 0(u;'uy?,q)
2 0 (uy, @)1 1726 (uy, )78 1720 (uyuy)v1ve’

2..2 2_ 2
. — 2, ViV —vivp—1 ("1 '71)/
Q(vl,vz)(ZhZZ'A) =y 1Tz 1ve u, u

where ¥ is a constant.
Proof.Letv = (v,v;) EZ X Zand z = (z;,2,) € C x C. Letu; = e?™%1,u, = e?™?2, and q = e?™". Then
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1 1 . 1—g™u’u?)(1 — q™u; tu,
0(1]121 + 172Z2) — __'6771(17121+17222)2—T[l(17121+17222)(1 _ u;ﬁugz) n ( q 1 2 )( — ;I 1 2 )
2mi 1—q™)
m=>1
1 1 2o (1= q™uu)(1 — q™ui'uy )
0(21 + 25, q) = ——— eI @) (1 _yy 1_[ :
(z 2:9) i ( 1U2) (1—gm)2
m=>1
Therefore,

3 (—1/2mi)expll /2n(v?z? + v3z3 + 2v,v,2,2;) — Mi(v121 + V;2,)}
 [(=1/2mi)expifil /2nz? — miz, )T -01v2 [(—1/2mi)expidil /2022 — miz,}]VE V1Y
[(—1/2mi)expiil /2n (2} + 28) — mi(z; + 2)}]"1™2 Oy, @)"i 1
" 0, 7, q)

Q(Vl,vz)(zl' 225 A)

The part without the function theta can be written as

(= 2miy el viva-1 expifil /2n(vizE + v3z2 + 2v,v,212,) — Wi(v,2, + V,2,)}

expifil /2nv?z2 — 1/2nv,v,2% — miviz, + miv v,z }
1

X p=— 3 )

expifil /2nv3zs — 1/2nv,v,2% — miviz, + Tiv,v,2,}

1

X p=— 3 .

expifil /2nv,v,22 + 1/2nv,v,22 — Tiv v,z — TV Vy2Z, + V10,212, )
expi-mi(vyz, + v423)}

2 2
= (=27i vi+vy—vivy—1 —
( ) expif-mi(viz, + viz,)}

= (=2m) "t expifini (v? — vy)zy + i(WE — v,)7,}

= (=2mi) v —Lexpilini(v? — v;)z,} + expilini(v2 — v,)z,}
27Ti(1712 - v1)21 - 27'[1.(1]22 - Uz)Zz

— + expis S

— (_27-”')17%"'”%—”1”2—1{ezmzl}(V%—Vl)/Z{eZHiZZ}(V%—VZ)/Z

22 —
= (—2mi)vitvi—vive 1exp=:£{

— (_zni)v%+v%—v1vz—l (ul)(v% —v1)/2 (uz)(v%—vz)/Z
Therefore
2_ 2_ o(utul?,
Qo) (21,225 A) = }/"%J”’%_"“’Z‘lugv1 "1)/2u§"2 v2)/?2 . G Zq) :
l 0 (u1, q)"17"1v26 (up, )72 71726 (ugup ) 1¥2

My first goal in this research will be to prove the above conjectures and later use them to calculate the sign
of elliptic nets following the strategy of Silverman-Stephens.
The result of this thesis will give a better understanding of elliptic nets and will lead us in better
understanding of the structure of the rational points on an elliptic curve.
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