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ABSTRACT         In recent years many authors investigated q-integral inequalities. Therefore q-integral 
inequalities have become far reaching tools for the development of many branches of pure and applied 
mathematics. Here we obtain some new fractiona q-integral inequalities associated with q-integral operator. 
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1. Introduction 

In recent years the study of fractional q-integral inequalities involving functions of independent 
variables has been an important research subject in mathematical analysis because the inequality 
technique is also one of the very useful tools in the study of special functions and theory of 
approximations. 

For our purpose, we begin by recalling the well-known celebrated functional considered by Chebyshev 
[1] and defined by  

 𝑇 𝑓, 𝑔 ∶=
1

𝑏−𝑎
  𝑓 𝑥 𝑔 𝑥 𝑑𝑥

𝑏

𝑎
−  

1

𝑏−𝑎
  𝑓 𝑥 𝑑𝑥

𝑏

𝑎
  

1

𝑏−𝑎
  𝑔 𝑥 𝑑𝑥

𝑏

𝑎
 ,   (1) 

Where g(x) and f(x) ate two integrable functions on [a, b]. If f(x) and g(x) are synchronous on [a, b], i.e., 

    𝑓 𝑥 − 𝑓(𝑦)  𝑔 𝑥 −  𝑔(𝑦)  ≥   0     (2) 

For any 𝑥, 𝑦 ∈ [𝑎, 𝑏], then T(f, g) ≥ 0. The functional (1) has attracted many researchers attention due 
to diverse applications in numerical quadrature, transform theory. The function (1) has also been used 
to yield a number of integral inequalities ( see [2], [3], [4], [5],[6], [7], [8] ). In 1935, Grss [9] proved the 
inequalities 

     𝑇(𝑓, 𝑔)  ≤
 𝐾−𝑘 (𝐿−𝑙)

4
,      (3) 

Where f(x) and g(x) are two bounded functions i.e., 

  𝑘 ≤ 𝑓 𝑥 ≤ 𝐾,                        𝑙 ≤ 𝑔 𝑥 ≤ 𝐿      (4) 

For any 𝑘, 𝐾, 𝑙, 𝐿 ∈  ℝ and x, y ∈ [a, b]. Plya and Szeg [10] obtained the following inequalities defined as 

  
 𝑓2 𝑥 𝑑𝑥

𝑏
𝑎    𝑔2 𝑥 𝑑𝑥

𝑏
𝑎

  𝑓 𝑥 𝑑𝑥
𝑏
𝑎   𝑔 𝑥 𝑑𝑥

𝑏
𝑎  

2  ≤
1

4
   

𝐾𝐿

𝑘𝑙
+    

𝑘𝑙

𝐾𝐿
 

2

      (5) 

Provided f, g satisfy (4) and k,l > 0. Similarly, Dragomir and Diamond proved that [11] 

   𝑇 𝑓, 𝑔  ≤
 𝐾−𝑘 (𝐿−𝑙)

4 𝑏−𝑎 2 𝑘𝑙𝐾𝐿
 𝑓 𝑥 𝑑𝑥

𝑏

𝑎
 𝑔 𝑥 𝑑𝑥

𝑏

𝑎
,     (6) 

Where f(x) and g(x) are two positive integrable functions so that 

 0 < 𝑘 ≤ 𝑓 𝑥 ≤ 𝐾 < ∞,                      0 <  𝑙 ≤ 𝑔 𝑥 ≤ 𝐿 < ∞    (7) 

Recently, Anber and Dahmani [12], by using the Riemann-Liouville fractional integral, presented some 
interesting integral inequalities of Plya and Szeg type. 

For our purpose, we need the following definitions and some properties. 
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Definition 1: A real valued function f(t) (t  > 0) is said to be in the space 𝐶𝜇
𝑛(𝑛, 𝜇 ∈  ℝ) if there exists a 

real number        p > µ such that 𝑓𝑛 𝑡 = 𝑡𝑝  𝜙 𝑡 , where 𝜙 𝑡 ∈ 𝐶(0, ∞). 

Here, for the case n=1, we use a simpler notation 𝐶𝜇
1 = 𝐶𝜇 . 

Definition 2: Let ℝ 𝛼 > 0, and be real or complex numbers. Then a q-analogue of Saigo fractional 

integral 𝐼𝑞
𝛼,𝛽,𝜂

 is given by  
𝜏

𝑡
 < 1 by [13] 

𝐼𝑞
𝛼,𝛽 ,𝜂

  𝑓 𝑡  ∶=  
𝑡−𝛽−1

Γ𝑞(𝛼)
   𝑞𝜏 𝑡 ; 𝑞 𝛼−1  

 𝑞𝛼+𝛽 ;𝑞 
𝑚

 𝑞−𝜂 ;𝑞 𝑚

 𝑞𝛼 ;𝑞 𝑚  𝑞;𝑞 𝑚

∞
𝑚=0

𝑡

0
. 𝑞 𝜂−𝛽 𝑚  −1 𝑚  𝑞− 𝑚2    𝜏 𝑡 − 1  𝑞

𝑚  𝑓 𝜏  𝑑𝑞𝜏 

 (8) 

The integral operator 𝐼𝑞
𝛼,𝛽,𝜂

 includes both the q-analogue of the Riemann-Liouville and Erdlyl-Kober 

fractional integral operators given by the following relationships: 

𝐼𝑞
𝛼 𝑓 𝑡  ∶=  𝐼𝑞

𝛼,−𝛼,0 𝑓 𝑡  =
𝑡𝛼−1

Γ𝑞 (𝛼)
   𝑞𝜏 𝑡 ; 𝑞 𝛼−1𝑓 𝜏 𝑑𝑞𝜏        (𝛼 > 0; 0 < 𝑞 < 1)

𝑡

0
   (9) 

And 

𝐼𝑞
𝜂 ,𝛼 𝑓 𝑡  ∶=  𝐼𝑞

𝛼,𝜂 ,0 𝑓 𝑡  =
𝑡−𝜂−1

Γ𝑞 (𝛼)
   𝑞𝜏 𝑡 ; 𝑞 𝛼−1𝜏

𝜂𝑓 𝜏 𝑑𝑞𝜏        (𝛼 > 0; 0 < 𝑞 < 1)
𝑡

0
   (10) 

Where  𝑎; 𝑞 𝑛  is the q-shifted factorial defined by 

   𝑎; 𝑞 𝑛 ∶=   
1                                                    (𝑛 = 0)

  1 − 𝑎𝑞𝑘 𝑛−1
𝑘=0                        (𝑛 ∈ ℕ)

      (11) 

Where 𝑎, 𝑞 ∈  ℂ and it is assumed that 𝑎 ≠ 𝑞−𝑚   ( 𝑚 ∈  ℕ0). The q-shifted factorial for negative 
subscript is defined by  

   𝑎; 𝑞 𝑛 ∶=
1

 1−𝑎𝑞−1  1−𝑎𝑞−2 ……. 1−𝑎𝑞−𝑛  
     (𝑛 ∈ ℕ0)     (12) 

We also write 

   𝑎; 𝑞 ∞ ; =    1 − 𝑎𝑞𝑘 ∞
𝑘=0        𝑎, 𝑞 ∈  ℂ ,  𝑞 < 1       (13) 

It follows from (11), (12) and (13) that  

   𝑎; 𝑞 𝑛 =  
 𝑎;𝑞 ∞

 𝑎𝑞𝛼 ;𝑞 ∞
    (𝑛 ∈ ℤ)       (14) 

Which can be extened to 𝑛 = 𝛼 ∈  ℂ as follows 

   𝑎; 𝑞 𝛼 =  
 𝑎;𝑞 ∞

 𝑎𝑞𝛼 ;𝑞 ∞
    (𝛼 ∈  ℂ ;    𝑞 < 1)      (15) 

Where the principal value of  qα is taken, for f(t) = tµ  in (8), we get the known formula 

  𝐼𝑞
𝛼,𝛽 ,𝜂

  𝑓 𝑡  =
Γ𝑞  𝜇+1 𝛤𝑞 𝜇−𝛽+𝜂+1 

𝛤𝑞  𝜇−𝛽+1 𝛤𝑞  𝜇+𝛼+𝜂+1 
𝑥𝜇−𝛽       (16) 

Lemma 1: (Choi and Agarwal [14])  Let 0 < q < 1 and 𝑓 ∶  0 , ∞ →  ℝ be a function with 𝑓 𝑡 ≥ 0 for 
all 𝑡 ∈ [0, ∞). Then we have the following inequalities: 

(i) Siago fractional q-integral operator of teh function f(t) in (8) 

    𝐼𝑞
𝛼,𝛽 ,𝜂

  𝑓 𝑡   ≥ 0      (17) 

For all α > 0 and 𝛽, 𝜂 ∈  ℝ 𝑤𝑖𝑡𝑕 𝛼 + 𝛽 > 0 𝑎𝑛𝑑 𝜂 < 0. 

(ii)  The q-analogue of Riemann-Liouville fractional integral operator of the function f(t) of order in 
(9)     𝐼𝑞

𝛼   𝑓 𝑡   ≥ 0       (18) 

For all α > 0 and 𝛽, 𝜂 ∈  ℝ 𝑤𝑖𝑡𝑕 𝛼 + 𝛽 > 0 𝑎𝑛𝑑 𝜂 < 0. 

(iii)  The q-analogue of Erdlyl-Kober fractional integral operator of the function f(t) of order in (10) 
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    𝐼𝑞
𝛼,𝜂  

  𝑓 𝑡   ≥ 0       (19) 

For all α > 0 and 𝛽, 𝜂 ∈  ℝ  

2. CERTAIN FRACTIONAL Q-INTEGRAL INEQUALITIES 

Here, we establish Plya-Szag type integral inequalities for functions involving fractional integral operator 
(8). We begin with lemma involving a q-analogue of Siago fractional integral operator. 

Lemma2. Let 0 < q < 1, u and v be two continuous and positive integral functions on [0, ∞) with  

 0 < 𝑘1  ≤ 𝑢 𝜏 ≤ 𝐾1 <  ∞,       0 < 𝑙1  ≤ 𝑣 𝜏 ≤ 𝐿1 <  ∞     𝜏 ∈  0, 𝑡 , ∈ 𝑡 > 0 .  (20) 

Then the following inequality holds true: 

  
 𝐼𝑞

𝛼 ,𝛽 ,𝜂
  𝑢2 𝑡    𝐼𝑞

𝛼 ,𝛽 ,𝜂
  𝑣2 𝑡   

 𝐼𝑞
𝛼 ,𝛽 ,𝜂

  𝑢 𝑡   𝑣 𝑡   
2   ≤

1

4
   

𝐾1𝐿1

𝑘1𝑙1
 +  

𝑘1𝑙1

𝐾1𝐿1
 

2

     (21) 

For all α > 0 and 𝛽, 𝜂 ∈  ℝ 𝑤𝑖𝑡𝑕 𝛼 + 𝛽 > 0 𝑎𝑛𝑑 𝜂 < 0. 

Theorem 1:  Let 0 < q < 1, f and g be two positive function on [0, ∞) and K, k, L and l be positive real 
number with inequality (20) holds. Then the following holds true 

  
Γ(1−𝛽+𝜂)

𝛤(1−𝛽)𝛤(1+𝛼+𝜂)
 𝑡−𝛽 𝐼𝑞

𝛼,𝛽 ,𝜂
  𝑓 𝑡   𝑔 𝑡     ≤  

 𝐾−𝑘 (𝐿−𝑙)

4 𝐾𝐿𝑘𝑙
 𝐼𝑞

𝛼,𝛽 ,𝜂
  𝑓 𝑡  𝐼𝑞

𝛼,𝛽 ,𝜂
  𝑔 𝑡    (22) 

For all α > 0 and 𝛽, 𝜂 ∈  ℝ 𝑤𝑖𝑡𝑕 𝛼 + 𝛽 > 0 𝑎𝑛𝑑 𝜂 < 0. 

 

Proof: Let f and g be two positive function on [0, ∞). Then for all 𝜏, 𝜌 ∈ (0, 𝑡) with  t > 0, we have 

   𝐴 𝜏, 𝜌 =   𝑓 𝜏 − 𝑓(𝜌)  𝑔 𝜏 − 𝑔(𝜌)      (23) 

Or, equivalently 

  𝐴 𝜏, 𝜌 =  𝑓 𝜏 𝑔 𝜏 + 𝑓 𝜌 𝑔 𝜌 − 𝑓 𝜌 𝑔 𝜏 − 𝑓 𝜏 𝑔 𝜌    (24) 

Now, multiplying both side of (24) by 

𝑡−𝛽−1

Γ𝑞(𝛼)
 𝑞𝜏 𝑡 ; 𝑞 𝛼−1   

 𝑞𝛼+𝛽 ; 𝑞 
𝑚

 𝑞−𝜂 ; 𝑞 𝑚

 𝑞𝛼 ; 𝑞 𝑚  𝑞; 𝑞 𝑚

∞

𝑚=0

. 𝑞 𝜂−𝛽 𝑚  −1 𝑚  𝑞− 𝑚2    𝜏 𝑡 − 1  𝑞
𝑚  

And taking q-integration of the resulting inequality with respect to from 0 to t by using Definition 2, we 
get 

𝑡−𝛽−1

Γ𝑞 𝛼 
   𝑞𝜏 𝑡 ; 𝑞 𝛼−1  

 𝑞𝛼+𝛽 ; 𝑞 
𝑚

 𝑞−𝜂 ; 𝑞 𝑚

 𝑞𝛼 ; 𝑞 𝑚  𝑞; 𝑞 𝑚

∞

𝑚=0

𝑡

0

. 𝑞 𝜂−𝛽 𝑚  −1 𝑚  𝑞− 𝑚2    𝜏 𝑡 − 1  𝑞
𝑚  𝐴 𝜏, 𝜌  𝑑𝑞𝜏 

= 𝐼𝑞
𝛼,𝛽 ,𝜂

  𝑓 𝑡   𝑔 𝑡  +
𝛤(1−𝛽+𝜂)

𝛤(1−𝛽)𝛤(1+𝛼+𝜂)
 𝑡−𝛽𝑓 𝜌 𝑔 𝜌 − 𝑔 𝜌 𝐼𝑞

𝛼,𝛽 ,𝜂
  𝑓 𝑡  − 𝑓 𝜌 𝐼𝑞

𝛼,𝛽 ,𝜂
  𝑔 𝑡      (25) 

Again multiplying both side of above equation by  

𝑡−𝛽−1

Γ𝑞(𝛼)
 𝑞𝜌 𝑡 ; 𝑞 𝛼−1   

 𝑞𝛼+𝛽 ; 𝑞 
𝑚

 𝑞−𝜂 ; 𝑞 𝑚

 𝑞𝛼 ; 𝑞 𝑚  𝑞; 𝑞 𝑚

∞

𝑚=0

. 𝑞 𝜂−𝛽 𝑚  −1 𝑚  𝑞− 𝑚2    𝜌 𝑡 − 1  𝑞
𝑚  

And taking q-integration of the resulting inequality with respect to from 0 to t and using (8), we get 

𝑡−2 𝛽+1 

𝛤𝑞
2 𝛼 

   𝑞𝜏 𝑡 ; 𝑞 𝛼−1 𝑞𝜌 𝑡 ; 𝑞 𝛼−1   
 𝑞𝛼+𝛽 ;𝑞 

𝑚
 𝑞−𝜂 ;𝑞 𝑚

 𝑞𝛼 ;𝑞 𝑚  𝑞;𝑞 𝑚
𝑞 𝜂−𝛽 𝑚  −1 𝑚  𝑞− 𝑚

2  ∞
𝑚=0  

𝑡

0

2

 𝜏 𝑡 − 1  𝑞
𝑚   𝜌 𝑡 − 1  𝑞

𝑚  𝐴 𝜏, 𝜌  𝑑𝑞𝜏
𝑡

0
𝑑𝑞𝜌  

   = 2
𝛤(1−𝛽+𝜂)

𝛤(1−𝛽)𝛤(1+𝛼+𝜂)
 𝑡−𝛽 𝐼𝑞

𝛼,𝛽,𝜂
  𝑓 𝑡   𝑔 𝑡  − 2𝐼𝑞

𝛼,𝛽 ,𝜂
  𝑓 𝑡   𝑔 𝑡     

 (26) 
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By using Cauchy-Schwaz inequality for double integrals, we have 

 
𝑡−2 𝛽+1 

𝛤𝑞
2 𝛼 

   
𝑞𝜏

𝑡
; 𝑞 

𝛼−1
 
𝑞𝜌

𝑡
; 𝑞 

𝛼−1
  

 𝑞𝛼+𝛽 ; 𝑞 
𝑚

 𝑞−𝜂 ; 𝑞 𝑚

 𝑞𝛼 ; 𝑞 𝑚  𝑞; 𝑞 𝑚

𝑞 𝜂−𝛽 𝑚  −1 𝑚  𝑞− 𝑚
2  

∞

𝑚=0

 
𝑡

0

2

 
𝜏

𝑡 − 1
 

𝑞

𝑚

  
𝜌

𝑡 − 1
 

𝑞

𝑚

 𝐴 𝜏, 𝜌  𝑑𝑞𝜏
𝑡

0

𝑑𝑞𝜌  

≤  
𝑡−2 𝛽+1 

𝛤𝑞
2 𝛼 

   
𝑞𝜏

𝑡
; 𝑞 

𝛼−1
 
𝑞𝜌

𝑡
; 𝑞 

𝛼−1
  

 𝑞𝛼+𝛽 ; 𝑞 
𝑚

 𝑞−𝜂 ; 𝑞 𝑚

 𝑞𝛼 ; 𝑞 𝑚  𝑞; 𝑞 𝑚

𝑞 𝜂−𝛽 𝑚  −1 𝑚  𝑞− 𝑚
2  

∞

𝑚=0

 
𝑡

0

2

 
𝜏

𝑡 − 1
 

𝑞

𝑚

  
𝜌

𝑡 − 1
 

𝑞

𝑚

 𝑓2 𝜏  𝑑𝑞𝜏
𝑡

0

𝑑𝑞𝜌  

+
𝑡−2 𝛽+1 

𝛤𝑞
2 𝛼 

   
𝑞𝜏

𝑡
; 𝑞 

𝛼−1
 
𝑞𝜌

𝑡
; 𝑞 

𝛼−1
  

 𝑞𝛼+𝛽 ; 𝑞 
𝑚

 𝑞−𝜂 ; 𝑞 𝑚

 𝑞𝛼 ; 𝑞 𝑚  𝑞; 𝑞 𝑚

𝑞 𝜂−𝛽 𝑚  −1 𝑚  𝑞− 𝑚
2  

∞

𝑚=0

 
𝑡

0

2

 
𝜏

𝑡 − 1
 

𝑞

𝑚

  
𝜌

𝑡 − 1
 

𝑞

𝑚

 𝑓2 𝜏  𝑑𝑞𝜏
𝑡

0

𝑑𝑞𝜌 

−2
𝑡−2 𝛽+1 

𝛤𝑞
2 𝛼 

   
𝑞𝜏

𝑡
; 𝑞 

𝛼−1
 

𝑞𝜌

𝑡
; 𝑞 

𝛼−1
  

 𝑞𝛼+𝛽 ;𝑞 
𝑚

 𝑞−𝜂 ;𝑞 𝑚

 𝑞𝛼 ;𝑞 𝑚  𝑞;𝑞 𝑚
𝑞 𝜂−𝛽 𝑚  −1 𝑚  𝑞− 𝑚

2  ∞
𝑚=0  

𝑡

0

2

 
𝜏

𝑡−1
 

𝑞

𝑚

  
𝜌

𝑡−1
 

𝑞

𝑚

 𝑔2 𝜏  𝑑𝑞𝜏
𝑡

0
𝑑𝑞𝜌   

+
𝑡−2 𝛽+1 

𝛤𝑞
2 𝛼 

   
𝑞𝜏

𝑡
; 𝑞 

𝛼−1
 
𝑞𝜌

𝑡
; 𝑞 

𝛼−1
  

 𝑞𝛼+𝛽 ; 𝑞 
𝑚

 𝑞−𝜂 ; 𝑞 𝑚

 𝑞𝛼 ; 𝑞 𝑚  𝑞; 𝑞 𝑚

𝑞 𝜂−𝛽 𝑚  −1 𝑚  𝑞− 𝑚
2  

∞

𝑚=0

 
𝑡

0

2

 
𝜏

𝑡 − 1
 

𝑞

𝑚

  
𝜌

𝑡 − 1
 

𝑞

𝑚

 𝑔2 𝜏  𝑑𝑞𝜏
𝑡

0

𝑑𝑞𝜌 

 −𝟐
𝒕−𝟐 𝜷+𝟏 

𝜞𝒒
𝟐 𝜶 

   
𝒒𝝉

𝒕
; 𝒒 

𝜶−𝟏
 
𝒒𝝆

𝒕
; 𝒒 

𝜶−𝟏
  

 𝒒𝜶+𝜷; 𝒒 𝒎 𝒒−𝜼; 𝒒 𝒎

 𝒒𝜶; 𝒒 𝒎 𝒒; 𝒒 𝒎

𝒒 𝜼−𝜷 𝒎 −𝟏 𝒎 𝒒− 𝒎
𝟐 

Ў

𝒎=𝟎

 
𝒕

𝟎

𝟐

 
𝝉

𝒕 − 𝟏
 

𝒒

𝒎

  
𝝆

𝒕 − 𝟏
 

𝒒

𝒎

 𝒈 𝝉  𝒈 𝝆 𝒅𝒒𝝉
𝒕

𝟎

𝒅𝒒𝝆 

𝟏

𝟐

 

Applying Definition 2, we get 

 
𝑡−2 𝛽+1 

𝛤𝑞
2 𝛼 

   
𝑞𝜏

𝑡
; 𝑞 

𝛼−1
 
𝑞𝜌

𝑡
; 𝑞 

𝛼−1
  

 𝑞𝛼+𝛽 ; 𝑞 
𝑚

 𝑞−𝜂 ; 𝑞 𝑚

 𝑞𝛼 ; 𝑞 𝑚  𝑞; 𝑞 𝑚

𝑞 𝜂−𝛽 𝑚  −1 𝑚  𝑞− 𝑚
2  

∞

𝑚=0

 
𝑡

0

2

 
𝜏

𝑡 − 1
 

𝑞

𝑚

  
𝜌

𝑡 − 1
 

𝑞

𝑚

 𝐴 𝜏, 𝜌  𝑑𝑞𝜏
𝑡

0

𝑑𝑞𝜌  

≤ 2  
𝛤 1−𝛽+𝜂 

𝛤 1−𝛽 𝛤 1+𝛼+𝜂 
 𝑡−𝛽 𝐼𝑞

𝛼 ,𝛽 ,𝜂
  𝑓2 𝑡  −  𝐼𝑞

𝛼,𝛽 ,𝜂
  𝑓 𝑡   

2
 

1

2

.  
𝛤 1−𝛽+𝜂 

𝛤 1−𝛽 𝛤 1+𝛼+𝜂 
 𝑡−𝛽 𝐼𝑞

𝛼 ,𝛽,𝜂
  𝑔2 𝑡  −  𝐼𝑞

𝛼,𝛽,𝜂
  𝑔 𝑡   

2
 

1

2

   

 (27) 

Applying Lemma 2, we get 

𝜞 𝟏 − 𝜷 + 𝜼 

𝜞 𝟏 − 𝜷 𝜞 𝟏 + 𝜶 + 𝜼 
 𝒕−𝜷𝑰𝒒

𝜶,𝜷,𝜼
  𝒇𝟐 𝒕  ≤

𝟏

𝟒
   

𝑲

𝒌
+  

𝑳

𝒍
 

𝟐

 𝑰𝒒
𝜶,𝜷,𝜼

  𝒇 𝒕   
𝟐

=   
 𝑲 + 𝒌 𝟐

𝟒𝑲𝒌
− 𝟏  𝑰𝒒

𝜶,𝜷,𝜼
  𝒇 𝒕   

𝟐
 

or 

  
𝛤 1−𝛽+𝜂 

𝛤 1−𝛽 𝛤 1+𝛼+𝜂 
 𝑡−𝛽 𝐼𝑞

𝛼,𝛽 ,𝜂
  𝑓2 𝑡  ≤

 𝐾+𝑘 2

4𝐾𝑘
 𝐼𝑞

𝛼,𝛽 ,𝜂
  𝑓 𝑡   

2
   (28) 

Similarly we get 

  
𝛤 1−𝛽+𝜂 

𝛤 1−𝛽 𝛤 1+𝛼+𝜂 
 𝑡−𝛽 𝐼𝑞

𝛼,𝛽 ,𝜂
  𝑔2 𝑡  ≤  

 𝐿+𝑙 2

4𝐿𝑙
 𝐼𝑞

𝛼,𝛽,𝜂
  𝑔 𝑡   

2
   (29) 

Finally, by adding (26), (27), (28) and (29), side by side, we arrive at the desired result (22).  

In the sequel, we can present another inequality involving the q-fractional integral operator given by (8), 
asserted by the following lemma. 

Lemma 3: Let 0 < q < 1, u and v be two continuous and positive integral functions on [0, ∞) with (20) 
holds. Then the following inequality holds true: 

  
 𝐼𝑞

𝛼 ,𝛽 ,𝜂
  𝑢2 𝑡    𝐼𝑞

𝛾 ,𝛿,𝜁
  𝑣2 𝑡   

 𝐼𝑞
𝛼 ,𝛽 ,𝜂

  𝑢 𝑡   𝑣 𝑡    𝐼𝑞
𝛾 ,𝛿,𝜁

  𝑢 𝑡   𝑣 𝑡   
  ≤

1

4
   

𝐾1𝐿1

𝑘1𝑙1
 +  

𝑘1𝑙1

𝐾1𝐿1
 

2

   (30) 

For all α, γ > 0 and 𝛽, 𝜂 , 𝛿, 𝜁 ∈  ℝ 𝑤𝑖𝑡𝑕 𝛼 + 𝛽 > 0, 𝛾 + 𝛿 > 0 𝑎𝑛𝑑 𝜂, 𝜁 < 0. 

Theorem 2: Let 0 < q < 1, f and g be two positive function on [0, ∞) and K, k, L and l be positive real 
number with inequality (20) holds. Then the following holds true 
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𝛤(1−𝛽+𝜂)

𝛤(1−𝛽)𝛤(1+𝛼+𝜂)
 𝑡−𝛽 𝐼𝑞

𝛼,𝛽,𝜂
  𝑓 𝑡   𝑔 𝑡  +

𝛤(1−𝛿+𝜁)

𝛤(1−𝛿)𝛤(1+𝛾+𝜁)
 𝑡−𝛽 𝐼𝑞

𝛾,𝛿,𝜁
  𝑓 𝑡   𝑔 𝑡  −

𝐼𝑞𝛼,𝛽,𝜂 𝑓𝑡𝐼𝑞𝛾, 𝛿, 𝜁 𝑔𝑡  

  −𝐼𝑞
𝛼,𝛽,𝜂

  𝑔 𝑡  𝐼𝑞
𝛾,𝛿,𝜁

  𝑓 𝑡    ≤  
 𝐾−𝑘 (𝐿−𝑙)

4 𝐾𝐿𝑘𝑙
 𝐼𝑞

𝛼,𝛽 ,𝜂
  𝑓 𝑡  𝐼𝑞

𝛾,𝛿,𝜁
  𝑔 𝑡     (31) 

For all α, γ > 0 and 𝛽, 𝜂 , 𝛿, 𝜁 ∈  ℝ 𝑤𝑖𝑡𝑕 𝛼 + 𝛽 > 0, 𝛾 + 𝛿 > 0 𝑎𝑛𝑑 𝜂, 𝜁 < 0. 

Proof: Let f and g be two positive function on [0, ∞). Then for all 𝜏, 𝜌 ∈ (0, 𝑡) with  t > 0, we have 

   𝐴 𝜏, 𝜌 =   𝑓 𝜏 − 𝑓(𝜌)  𝑔 𝜏 − 𝑔(𝜌)     (32) 

Or, equivalently 

  𝐴 𝜏, 𝜌 =  𝑓 𝜏 𝑔 𝜏 + 𝑓 𝜌 𝑔 𝜌 − 𝑓 𝜌 𝑔 𝜏 − 𝑓 𝜏 𝑔 𝜌   (33) 

Now, multiplying both side of (24) by 

𝑡−𝛽−1

Γ𝑞(𝛼)
 𝑞𝜏 𝑡 ; 𝑞 𝛼−1   

 𝑞𝛼+𝛽 ; 𝑞 
𝑚

 𝑞−𝜂 ; 𝑞 𝑚

 𝑞𝛼 ; 𝑞 𝑚 𝑞; 𝑞 𝑚

∞

𝑚=0

. 𝑞 𝜂−𝛽 𝑚  −1 𝑚  𝑞− 𝑚
2    𝜏 𝑡 − 1  𝑞

𝑚  

And taking q-integration of the resulting inequality with respect to from 0 to t by using Definition 2, 
we get 

𝑡−𝛽−1

Γ𝑞 𝛼 
   𝑞𝜏 𝑡 ; 𝑞 𝛼−1  

 𝑞𝛼+𝛽 ; 𝑞 
𝑚

 𝑞−𝜂 ; 𝑞 𝑚

 𝑞𝛼 ; 𝑞 𝑚  𝑞; 𝑞 𝑚

∞

𝑚=0

𝑡

0

. 𝑞 𝜂−𝛽 𝑚 −1 𝑚  𝑞− 𝑚
2    𝜏 𝑡 − 1  𝑞

𝑚  𝐴 𝜏, 𝜌  𝑑𝑞𝜏 

 = 𝐼𝑞
𝛼,𝛽,𝜂

  𝑓 𝑡   𝑔 𝑡  +
𝛤(1−𝛽+𝜂)

𝛤(1−𝛽)𝛤(1+𝛼+𝜂)
 𝑡−𝛽𝑓 𝜌 𝑔 𝜌 − 𝑔 𝜌 𝐼𝑞

𝛼,𝛽,𝜂
  𝑓 𝑡  −

𝑓 𝜌 𝐼𝑞
𝛼,𝛽,𝜂

  𝑔 𝑡      (34) 

Multiplying both side of above equation by  

𝑡−𝛿−1

Γ𝑞(𝛾)
 𝑞𝜌 𝑡 ; 𝑞 𝛾−1   

 𝑞𝛾+𝛿 ; 𝑞 
𝑚

 𝑞−𝜁 ; 𝑞 
𝑚

 𝑞𝛾 ; 𝑞 𝑚 𝑞; 𝑞 𝑚

∞

𝑛=0

. 𝑞 𝜁−𝛿 𝑛   −1 𝑛  𝑞− 𝑛
2   𝜌 𝑡 − 1  𝑞

𝑛  

And taking q-integration of the resulting inequality with respect to from 0 to t and using (8), we get 

𝑡− 𝛽+1 

𝛤𝑞 𝛼 

𝑡−𝛿−1

𝛤𝑞 𝛾 
   𝑞𝜏 𝑡 ; 𝑞 𝛼−1 𝑞𝜌 𝑡 ; 𝑞 𝛾−1   

 𝑞𝛼+𝛽 ; 𝑞 
𝑚

 𝑞−𝜂 ; 𝑞 𝑚

 𝑞𝛼 ; 𝑞 𝑚  𝑞; 𝑞 𝑚

 𝑞𝛾+𝛿 ; 𝑞 
𝑚

 𝑞−𝜁 ; 𝑞 
𝑚

 𝑞𝛾 ; 𝑞 𝑚  𝑞; 𝑞 𝑚

∞

𝑛=0

∞

𝑚=0

𝑡

0

𝑡

0

 . 

. 𝑞 𝜁−𝛿 𝑛   −1 𝑛  𝑞− 𝑛2   𝜌 𝑡 − 1  𝑞
𝑛𝑞 𝜂−𝛽 𝑚  −1 𝑚  𝑞− 𝑚2   𝜏 𝑡 − 1  𝑞

𝑚   𝜌 𝑡 − 1  𝑞
𝑛  𝐴 𝜏, 𝜌  𝑑𝑞𝜏 𝑑𝑞𝜌  

=
𝛤(1 − 𝛽 + 𝜂)

𝛤(1 − 𝛽)𝛤(1 + 𝛼 + 𝜂)
 𝑡−𝛽 𝐼𝑞

𝛼,𝛽 ,𝜂
  𝑓 𝑡   𝑔 𝑡  +

𝛤(1 − 𝛿 + 𝜁)

𝛤(1 − 𝛿)𝛤(1 + 𝛾 + 𝜁)
 𝑡−𝛽 𝐼𝑞

𝛾,𝛿 ,𝜁
  𝑓 𝑡   𝑔 𝑡  

− 𝐼𝑞
𝛼,𝛽 ,𝜂

  𝑓 𝑡  𝐼𝑞
𝛾,𝛿 ,𝜁

  𝑔 𝑡   

   −𝐼𝑞
𝛼,𝛽 ,𝜂

  𝑔 𝑡  𝐼𝑞
𝛾 ,𝛿 ,𝜁

  𝑓 𝑡  .     (32) 

By using Cauchy-Schwaz inequality for double integrals, by using (32) and applying Definition 2, we 
get desired result. 
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