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Effect of ignoring singularities
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ABSTRACT The integral of function is normally described as "area under curve”. The integral may be singular or

analytic. This paper considers two dimensional lamb problemfirstly and integral secondly which are evaluated by
complex integration which further removes singularities of integral. Numerical integration methods are widely used for
evaluating integrals viz, Romberg integration in which we ignore singularities of integral. Many computational
methods and equations are implemented through Mat lab functions and accessories. This research activity contributes
the difference between values of integral which are evaluated through thesemethods.
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Introduction:

We consider a two dimensional problem and derive expressions for surface displacements arising from a
force applied normal to the free surface along a line coincidewith the y axis. The displacements u and w are
given by

u_9¢_ov
op oz
6¢ 5 (1)
w=29, v
0z  OX
where the functions 0 and  are solution of wave equation
16%¢
V= o (2)
10y
Vi = W’ (3)

respectively. The effect of periodic force applied perpendicular to the free surface is expressed by
conditions

[ pzx]2:0 = O' [ pzz ]2:0 = Zel (\Nt - kX), (4)

where the amplitude Z depends only on k.we assume potential are in the form
1
¢ _ Ae—vz—lkx W= Be—v z—lkx, (5)

which satisfy wave equation(2)and(3)respectively, provided that

v2=k2—kj,
vlz:kz—kf;,
Kk =2
o a’

0}
k, =—,
'
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and A, B are function of parameter k . As
ow o, dv azw
[Pl =S+ Ty =2 £+ S0 -

(6)

aw 82¢ azw
=10+2u— = AV? +2u(—+ 7
[P],, “ pr2uC =20 ()

Using (4),(5)

2Alk —(2K* —k7)B=0 (8)
(2k* —k;) A+ 2Bikv' = 2(k) (9)
y7;
2k? —k2)Z (k
_( 5)Z( )’B:2lka(k) (10)
F(k)u F(k)u
Where

F (k) = (2k2 —k2)? - 4k>W!

is Rayleigh function. We superimpose infinite number of stress distributions of the form (1.4)such that

resultant is a line source. For this ,we put Z = in (1.4) and integratewith respect to k from —o0to

+00 and obtain

[ pzz]Z:O =f (X) = %jj:e—lkxdk, (11
then if we put

[ 1 (@ de = QK"
we obtain Fourier integral

f(x)= % [Te k[ f (& de,

representing the distribution of normal stresses.In order to obtain concentrated normal force at x = 0
assume that the normal force f(x) along the x axis vanishes everywhere

+00
except at x = 0,where it approaches infinity in such a way that I f(&)d&E—Qd is finite. With stress
specified by (4)the displacement of any point in the surfacez= 0 written,using (1),(5),(10) as
Jm k(2K? —K2 —2w)e " dk
to = 27w F (k)

o (12)

J-m kive "dk
o = 271 F(k)

, (13)

complex integration We replace variable of integration k by complex variable & and use contour integration

in & plane. We evaluate integrals of the form

836| IJRAR- International Journal of Research and Analytical Reviews Research Paper




[VOLUME 5 I ISSUE 2 1 APRIL - JUNE 2018] e ISSN 2348 -1269, Print ISSN 2349-5138
http://ijrar.com/ Cosmos Impact Factor 4.236

EQRE? -k —2,/£7 —K2 &7 —Kk2)e ' de
(26 —K2)? —4&2\[E2 — k2 | [£7 K2

[#&de =] (14)

J.‘//(f)d§=_" k; /52_k§eﬂ§xd§ (15)

(2& —K2)? —4&% &2 — K2 \JE? K2

branch point and branch cut Since & a is complex variable , & = k +i7 ,the integrand ¢ and y has real
poles (K, Q) which are determined by zeros of

F (£). Branch points are given by (£k,,0),(+k,0). We make cut according to Re v>0 and Re v' > 0. For
complex W=S—I1o

_(s—io)
o«

k

a

_(s-io)
7B

Re v=0,requires that

K

s — o2 - 2iso

2
a

k? —72 +ikr —

be real and negative or
—So
kr =—
(24

and

s _ o2

2
o

Forareal !, 0 = 0 these conditions are of the form
kr =0

k*+7% < (16)

2
k?+72 <—
a

These figure show the branch nnint and hranch cut far Rel

Rev=0__
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Figure 1: branch point and cut for Re! >0

0.1 residues
We take contour in lower semi-infinite plane The integral (14),becomes

I¢(§)d§=_[:: +jNH +f Lﬁj: — 271> Res

On the infinite arcs NH and GM, exp( (—1£X) makes integrals zero, due to contour in lower half space.
Therefore the integral

Figure 2: contour in lower semi infinite plane

along real axis becomes

[ pkydk = [ + [ —2721Y Res

la LB
Since there is only one pole k and integrals along the loops L and Lﬁ are branch line integrals. Therefore
by equation (14),(15) we have

rw k(2K? - K —2w")E"*dk

. £ =2l + [ ()ag+ jﬂ GLE (7)

+o0 sze M dk
[ = 2nlKe ™+ [y(@)ds + [ w(§)de (18)
- F(k) La LA
where
—k(2k? —k2)—2,/k* —k?2 ,[k* = k2
H = ( ﬁ’) l\/ a\/ B (19)
F (k)
_k2 ’k2 _k2
K = # (20)
F (k)
Using these results for displacement (12),(13) ,we have
U, = —QH exp[wt —kx] +... (21)
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10K

W, = exp[i(wt —kx)]+... (22)
7]

Branch line integral for real !,the two loops L and Lﬂ degenerate into one L with branch point ka and

kﬁ on real axis. As integral (14)
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Figure 3: Loop formed by contraction of La and Lﬁ for Ireal
22 1\ q-i
Ig(zg —kp —2whe ™ d&
2 2y2 200 L
L (287 —ky)" —4dw

, integrand is function of vvl. On the part of loop HOA the product 4 vv! has the same value as on GCA and

crossponding parts of integral along L cancel each other. Therefore branch line integral of (14) reduces to
form

Izjkﬂ[ 2k* —k;—2w; 2K -k —2w
Lok (2k7— k5P —4kPw; (K7 —K5)? — 4k,

2 _v2. .
where = ,[K“ —K_ is real positive.
1

= ImV* > O infirst quadrant.

e "kdk] (23)

Vll1 =ImV" > 0 in fourth quadrant.

. 1 .
since Vll1 =V near OAl.above equation become

ks [P (2k2—k§)w11k
Il_ ka K 2 2\4 4.,2,,1 €
a (2k°—kp°)" —16k vy, 2

—lkx

The integrals of type (15) cannot reduced similarly because the factor v alone and parts along HOA and GCA
not cancel by each other. Therefore

J-o I\/:k

F(~ir)

_,X k2 ? l —lkx
d(- |r)+8kﬁj iy 16k4v2v1126 dk

251, g
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if we put v = v0 then equation(22),(23) reduces to form

J._J-o 2E% —k; —2v,v; 287 ki +2v,v;

2 272 201 2 2y 1] _ngkdég
A (2¢ —kﬁ) —4&vyv, (287 - ﬂ) +4&°v

J‘ka 2k? —k —2v'vy 2k? —k —2v'vy

Ikxkdk
0 (2kZ—K2)2—4k2VNE  (2KE —K2)? +4KAVAY e

28 —Kk2 + 2v'v;
oL oa ey

(2&% -k3)?
282 K2 —2v\t o —2k? —k2 + 2viV?
T S s e S Y o i e
(28 —K2)? — 4ENN] o K -ke)
AR — 2K~k — 20y Je "kdk

(2k2 —K2)? — 4k2VE

—2k?* —k? + 2vhv?
R
a ' (2k? —K2)7 — 4k

(23) can also written in the form

2 2 2 1,1

I j —2§ —k +2v'y; 257 -k —2vv, el ed e

L (287 K2y —4&w; (287 -k2)* —4&"w,

ko —2k?—kZ+2vlyy 282 K5 -2y .
J- +.[o [ 2 2€ 211_ 2 2ﬂ2 2l 1]e ¢ cdg
(2KZ—K2)7 —4KPW!  (2£% —K2)2 - 4EW

since £ = —|7in first integral in (23)and we substitute U = ka —K in second integral in (23), it take the
forms

ZJ.OO (2% -k 2Vlv1
#Jo (212—k§)4—1674va112

a2 [ JuG (u)e™du

where

—lzx

dr

[ —ay-u_ 20U ki, 0
LB [2(k, —u)”"—k;]" —16(k, —u)"v;v; 2
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(kj _ k; )1/2 (_2)1/2 ks/Z
(2k,2—k2)3

G(0) =

Thus we obtain
J‘La =C (ka X)—3/2 e*ikax + O(X—SIZ)
where

k K (k2 k2
(k2 )

The integral (23)reduces to

_ -3/2 ,—ikpx 512
jLﬁ_ D(k,x) 2™ +0(x)
where

D=2z\2x 1— = exp(—)
,B

Including branch integral in (21),(22),the displacements becomes

U, = —QH exp[l(wt —kx)]+ EC(ka x)~¥'2 exp[l (wt —kx)]
H 27

+D(k, %) expli(wt —k )] +...

W, =—i _—lexp[l (wt —kx)]+ icl(ka )2 exp[l(wt —k_X)]
u 27

+D; (K, %) exp[l(wt —K ,X)]+...
where

B °k; —iz
IJ_(k2 2AY exp(—-)

—Mﬂa——) exp(" " )

Romberg integration Romberg integration solve improper integral if it is improper due to one or more of
the following problems

(1)its integrand goes to finite limiting value at finite upper and lower limits but cannot be evaluated right on
one of those limits.

(ii)its upper limit is 1 ,or lower limitis —1

(iii)it has an integrable singularity at either limit
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(iv)it has an integrable singularity at known place between
upper and lower limit

The algorithm for Romberg integration is
1.Inputa,b,M

where a=lower limit of integration
b=upper limit of integration

M=

2.h=b-a

3.r(0,0)=h *[f(a)+f(b)]/2

4.forn=1to M ,do

h=h/2

rn0)=r(n-10)/ 2+h3 " f(a+2i—h)

5.form=1ton,do

r(n,m)=r(n,m-1)+[r(n,m-1)-r(n-1,m-1)]/4m —1

6.end do

7.end do

8.output r(n,m)

Conclusion:

These computational programs, equations and methods with their graphical representation show that hows
the results are differ from each other, when computed from different methods and their interpretations.
This discussion has concluded that by using ignorance of singularities would create difference in values of
integrals. s

compiex itegid

vertcal surface displacomert
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