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  Received:  July 05, 2018                 Accepted: August 16, 2018  ABSTRACT    Some continuous functions has been introduced using both the topology  ߬  and convexity  ࣝ on the same underlying set  ܺ  where  ( ܺ , ߬ , ࣝ ) is termed as convex topological space  and inter relation with examples among them are also investigated . 
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 1.  Introduction : The development of  “abstract convexity” has emanated from different sources in different ways ; the first type of development basically banked on generalization of particular problems such as separation of convex sets [ 3 ] , extremality [ 4 ] , [ 2 ] or continuous selection [ 12 ] . The second type of development lay before the reader such axiomatizations , which in every case of design , express particular point of view of convexity . With the view point of generalized topology which enters into convexity via the closure or hull operator , Schmidt [ 1953 ] and Hammer [ 1955 ] , [ 1963 ] , [ 1963b ] introduced some axioms to explain abstract convexity . The arising of convexity from algebraic operations and the related property of domain finiteness receive attentions in Birchoff and Frink [ 1948], Schmidt [ 1953 ] , Hammer [ 1963 ] .     In [ 15 ] the author has discussed “ Topology and Convexity on the same set” and introduced the compatibility of the topology with a convexity on the same underlying set . At the very early stage of this paper we have set aside this concept of compatibility and started just with a triplet  ( ܺ , ߬ , ࣝ ) and call it convex topological space only to bring back “compatibility” in another way subsequently . With this compatibility , Van De Val has called the triplet  ( ܺ , ߬ , ࣝ )  a topological convex structure .      In this paper , Art. 2 deals with some early definitions , results and in Art. 3 we have discussed mainly inter relation among different types of continuous functions . 

 2.  Prerequisites :     Definition 2.1 : [ 15 ] Let  ܺ  be a non empty set . A family  ࣝ  of subsets of the set  ܺ  is  called a convexity on  ܺ  if  1. ߶ , ܺ ∈  ࣝ  2. ࣝ  is stable for intersection , i.e.  if   ࣞ ⊆ ࣝ  is non empty , then ∩ ࣞ ∈ ࣝ    3. ࣝ  is stable for nested unions , i.e. if  ࣞ ⊆ ࣝ  is non empty and totally ordered by set inclusion , then   ∪ ࣞ ∈ ࣝ  .      The pair  ( ܺ , ࣝ )  is called a convex structure . The members of  ࣝ  are called convex sets and their complements are called concave sets . Definition 2.2 :  [ 15 ] Let  ࣝ  be a convexity on set  ܺ . Let  ܣ ⊆ ܺ  . The convex hull of        ܣ  is denoted by  ܿ(ܣ)  and defined by  ܿ(ܣ) =∩ ሼܥ ∶ ܣ ⊆ ܥ ∈ ࣝሽ .  Note 2.3 : [ 15 ] Let  ( ܺ , ࣝ )  be a convex structure and let  ܻ  be a subset of  ܺ . The family of sets  ࣝ = ሼܥ ∩ ܻ ∶ ܥ ∈ ࣝሽ  is a convexity on  ܻ; called the relative convexity of  ܻ.      Note 2.4 : [ 15 ] The hull operator  ܿ   of a subspace  ( ܻ , ࣝ  )  satisfy the following :                                ∀ܣ ⊆ ܻ ∶ (ܣ)ܿ  = (ܣ)ܿ ∩ ܻ . Definition 2.5 : [ 5 ] Let  (ܺ , ߬ )  be a topological space and let  ࣝ  be a convexity on  ܺ . Then the triplet   ( ܺ , ߬ , ࣝ ) is called a convex topological space  ( CTS in short ) .  Theorem 2.6 : [ 5 ] Let  ( ܺ , ߬ , ࣝ ) be a convex topological space . Let  ܣ  be a subset of  ܺ . Consider the set  ܣ∗ , where  ܣ∗  is defined as follows : ܣ∗ = ൛ݔ ∈ ܺ ∶ (ܷ)ܿ ∩ ܣ ≠ ∅, ݔ ∈ ܷ ∈ ߬ൟ . Then the collection  ߬∗ =ሼܣ ∶ ܣ ⊆ ܺ , ܣ = ∗߬  ሽ  is a topology on  ܺ  such that∗ܣ ⊆ ߬ . Note 2.7 : [ 5 ]  In a convex topological space   ( ܺ , ߬ , ࣝ )  a subset  ܣ  of  ܺ  is said to be  ߬∗-closed if  ܣ = , ܺ )  Definition 2.8 : [ 5 ]  Let   . ∗ܣ ߬ , ࣝ ) be a convex topological space . The space   ( ܺ , ߬ , ࣝ )  is called  ߬ − ࣝ semi compatible if for every  ܣ ∈ ܣ  is a  ߬∗-closed set , i.e. if  ∗ܣ   , ߬ ∈ ߬ , then  (ܣ∗)∗ =   . ∗ܣ
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Definition 2.9 :  [ 5 ]   Let  ( ܺ , ߬ , ࣝ ) be a convex topological space and  ܣ  be a subset of  ܺ .   Then  ܣ  is said to be an  ܴ − ࣝ open set if  ݅݊(∗ܣ)ݐ = ܴ  is called an  ܤ  A subset     . ܣ − ࣝ closed if  ܤ  is an ܴ − ࣝ open set . Definition 2.10 : [ 7 ]  Let  ( ܺ , ߬ , ࣝ )  be a convex topological space . Let  ܵ  be a subset of  ܺ  and  ݔ ∈ ܺ . (a) ݔ  is called  ߜ − ࣝ cluster point of  ܵ  if  ܵ ∩ )ݐ݊݅ ∗ܷ) ≠ ∅ , for each open nbd.  ܷ  of  ݔ .  (b)  The family of all  ߜ − ࣝ cluster points of  ܵ  is called the  ߜ − ࣝ closure of  ܵ  and  is denoted by   ሾܵሿ ఋିࣝ  .  (c)  A subset  ܲ of  ܺ   is called  ߜ − ࣝ closed if    ሾܲሿ ఋିࣝ = ܲ .  The complement of a  ߜ − ࣝ closed set is said to be a  ߜ − ࣝ open set . Theorem 2.11 : [ 7 ]   Let  ( ܺ , ߬ , ࣝ )  be a convex topological space which is  ߬ − ࣝ semi compatible . Then we have the following properties : (1)  If  ܣ  is an open set , then  ݅݊(∗ܣ)ݐ  is an  ܴ − ࣝ open set .  (2)  If  ܣ  and  ܤ  are ܴ − ࣝ open sets , then so is  ܣ ∩ ܴ is an  ܣ  If  (3) . ܤ − ࣝ open set , then  ܣ  is a regular open set . (4)  ܣ ⊆ ሾܣሿఋିࣝ  . (5)  If  ܣ  is an ܴ − ࣝ open set , then it is a  ߜ − ࣝ open set . (6)  Every  ߜ − ࣝ open set is the union of family of  ܴ − ࣝ open sets . Theorem 2.12 : [ 7 ]  Let  ܣ and  ܤ  be subsets of a convex topological space ( ܺ , ߬ , ࣝ ) which is  ߬ − ࣝ semi compatible . Then the following properties hold : (1)  ܣ ⊆ ܤ ⇒  ሾܣሿ ఋିࣝ ⊆  ሾܤሿ ఋିࣝ  . (2)  ሾܣሿ ఋିࣝ = ⋂ሼܨ ⊆ ܺ ∶ ܣ ⊆ ߜ  ݏ݅ ܨ  ݀݊ܽ ܨ − ߜ  ఈ  isܣ  ሽ . (3)  If݀݁ݏ݈ܿ ࣝ − ࣝ closed sets of  ܺ  for each  ߙ ∈ Λ , then so is  ⋂ ఈ∈Λ(ఈܣ)  . (4)    ሾܣሿ ఋିࣝ   is  ߜ − ࣝ closed set . 
 Remark 2.13 : [ 7 ]  ሾAሿδିࣝ  is the smallest  ߜ − ࣝ closed set containing  ܣ . 
 Theorem 2.14 : [ 7 ]  Let  ( ܺ , ߬ , ࣝ ) be a convex topological space  which is  ߬ − ࣝ semi compatible . Let  ߬ఋିࣝ = ሼܣ ⊆ ܺ ∶ ߜ  ܽ ݏ݅ ܣ − ሽ . Then  ߬ఋିࣝ  is a topology on  ܺ  such that   ߬ఋିࣝ ܺ  ݊݅ ݐ݁ݏ ݊݁ ࣝ ⊆ ߬  .      Definition 2.15 : [ 8 ]  Let  ( ܺ , ߬ , ࣝଵ ) and   ( ܻ , , ߪ ࣝଶ )  be two convex topological spaces. A function  ݂ ∶  ( ܺ , ߬ , ࣝଵ )  → ( ܻ , , ߪ ࣝଶ )  is said to be   ߜ − ࣝ continuous if for each  ݔ ∈ ܺ  and each open nbd.  ܸ  of  
)ݐsuch that  ݂൫݅݊  ݔ  there exists an open nbd.  ܷ  of , (ݔ)݂ ∗ܷ)൯ ⊆ )ݐ݊݅ ∗ܸ) .   
Theorem 2.16 : [ 8 ]  Let ( ܺ , ߬ , ࣝଵ ) and   ( ܻ , , ߪ ࣝଶ )  be two convex topological spaces where  ( ܺ , ߬ , ࣝଵ )  is  ߬ − ࣝଵ semi compatible and   ( ܻ , , ߪ ࣝଶ )  is  ߪ − ࣝଶ semi compatible . For a function  ݂ ∶  ( ܺ , ߬ , ࣝଵ )  → ( ܻ , , ߪ ࣝଶ )   the following are equivalent : 1.  ݂  is  ߜ − ࣝ continuous . 2. For each  ݔ ∈ ܺ  and each  ܴ − ࣝ open set  ܸ  containing  ݂(ݔ) , there exists an  ܴ − ࣝ open set containing  ݔ  such that  ݂(ܷ) ⊆ ܸ . 3. ݂(ሾܣሿ ఋିࣝ) ⊆ ሾ݂(ܣ)ሿ ఋିࣝ  , for each  ܣ ⊆ ܺ . 4. ሾ݂ିଵ(ܤ)ሿ ఋିࣝ ⊆ ݂ିଵ(ሾܤሿ ఋିࣝ) , for every  ܤ ⊆ ܻ . 5. For every  ߜ − ࣝ closed set  ܨ  of  ܻ ,  ݂ିଵ(ܨ)  is  ߜ − ࣝ closed set in  ܺ . 6. For every  ߜ − ࣝ open set  ܸ  of  ܻ ,  ݂ିଵ(ܸ)  is  ߜ − ࣝ open set in  ܺ . 7. For every  ܴ − ࣝ open set  ܸ  of  ܻ ,  ݂ିଵ(ܸ)  is  ߜ − ࣝ open set in  ܺ .    8. For every  ܴ − ࣝ closed set  ܨ  of  ܻ ,  ݂ିଵ(ܨ)  is  ߜ − ࣝ closed set in  ܺ . Corollary 2.17 : [ 8 ]  Let ( ܺ , ߬ , ࣝଵ ) and   ( ܻ , , ߪ ࣝଶ )  be two convex topological spaces where  ( ܺ , ߬ , ࣝଵ )  is  ߬ − ࣝଵ semi compatible and   ( ܻ , , ߪ ࣝଶ )  is  ߪ − ࣝଶ semi compatible . A function  
݂ ∶  ( ܺ , ߬ , ࣝଵ )  → ( ܻ , , ߪ ࣝଶ )  is  ߜ − ࣝ continuous iff   ݂: ൫ܺ , ߬ ఋିࣝభ൯ → (ܻ ,  . ఋିࣝమ)  is continuous ߪ
 3.  Comparison of different types of continuous functions :  Definition 3.1 :  Let ( ܺ , ߬ , ࣝଵ ) and  ( ܻ , , ߪ ࣝଶ )  be two convex topological spaces . A function  ݂ ∶  ( ܺ , ߬ , ࣝଵ )  → ( ܻ , , ߪ ࣝଶ )  is said to be strongly ߠ − ࣝ continuous                 [ respectively  ߠ − ࣝ continuous , almost ࣝ continuous  ]  if for each  ݔ ∈ ܺ  and each open nbd.  ܸ  of  ݂(ݔ) , there exists an open nbd.  ܷ  of  ݔ  such that  ݂( ∗ܷ) ⊆ ܸ   [ respectively  ݂( ∗ܷ) ⊆ ∗ܸ     , ݂(ܷ) ⊆ )ݐ݊݅ ∗ܸ)  ]  . Theorem 3.2 :  (a)   If a function  ݂ ∶  ( ܺ , ߬ , ࣝଵ )  → ( ܻ , , ߪ ࣝଶ )  is strongly ߠ − ࣝ continuous and  ݃ ∶ ( ܻ , , ߪ ࣝଶ ) → (ܼ , ,ߛ ࣝଷ)  is almost ࣝ continuous , then  ݃ ∘ ݂ ∶ ( ܺ , ߬ , ࣝଵ ) → (ܼ , ,ߛ ࣝଷ) is  ߜ − ࣝ continuous . 
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(b)  The following implications hold :     strongly ߠ − ࣝ continuous  ⇒ ߜ − ࣝ continuous   ⇒  almost ࣝ continuous  . Proof :  (a)   Let  ݔ ∈ ܺ  and  ܹ  be any open set containing  (݃ ∘ (ܸ)݃  in  ܻ  such that  (ݔ)݂  Since  ݃  is  almost ࣝ continuous , there exists an open nbd.  ܸ   of . (ݔ)(݂ ⊆ )ݐ݊݅ ∗ܹ) . Again since  ݂  is strongly ߠ − ࣝ 
continuous , there exists an open nbd.  ܷ  of  ݔ  in  ܺ  such that  ݂( ∗ܷ) ⊆ ܸ . So we get  ݃൫݂( ∗ܷ)൯ ⊆ ݃(ܸ) . Now  
݃ ቀ݂൫݅݊ݐ( ∗ܷ)൯ቁ ⊆ ݃൫݂( ∗ܷ)൯ ⊆ ݃(ܸ) ⊆ )ݐ݊݅ ∗ܹ)  ⇒ (݃ ∘ ݂)൫݅݊ݐ( ∗ܷ)൯ ⊆ )ݐ݊݅ ∗ܹ) . Hence  ݃ ∘ ݂ is  ߜ − ࣝ 
continuous.  (b)  Let  ݂  be strongly ߠ − ࣝ continuous . Also let  ݔ ∈ ܺ  and  ܸ be any open nbd. of  ݂(ݔ) .  Then there exists 
an open nbd.  ܷ  of  ݔ  in ܺ  such that  ݂( ∗ܷ) ⊆ ܸ . Now  ݂൫݅݊ݐ( ∗ܷ)൯ ⊆ ݂( ∗ܷ) ⊆ ܸ = (ܸ)ݐ݊݅ ⊆ )ݐ݊݅ ∗ܸ) . Hence  
݂  is ߜ − ࣝ continuous .   Again let  ݂  be  ߜ − ࣝ continuous . Also let  ݔ ∈ ܺ  and  ܸ be any open nbd. of  ݂(ݔ)  in  ܻ. Then there exists 
an open nbd.  ܷ  of  ݔ  in  ܺ  such that  ݂൫݅݊ݐ( ∗ܷ)൯ ⊆ )ݐ݊݅ ∗ܸ) . Now  ܷ = (ܷ)ݐ݊݅ ⊆ )ݐ݊݅ ∗ܷ) ⇒ ݂(ܷ) ⊆
݂൫݅݊ݐ( ∗ܷ)൯ ⊆ )ݐ݊݅ ∗ܸ) . Thus ݂  is almost ࣝ continuous . 
Remark 3.3 :  The following examples show that none of these implications in the above Theorem 3.2 is reversible . 
Example 3.4 :  Let  ܺ = ሼ ܽ , ܾ , ܿ ሽ   ,   ߬ = ൛ ߶ , ܺ , ሼ ܽ ሽൟ   ,   ࣝଵ = ሼ ߶ , ܺ ሽ  , ߪ = ൛ ߶ , ܺ , ሼ ܾ ሽൟ  , ࣝଶ =
ሼ ߶ , ܺ ሽ   and the function  ݂ ∶  ( ܺ , ߬ , ࣝଵ )  → ( ܺ , , ߪ ࣝଶ )  be the identity function on  ܺ  i.e. ,  ݂ = ܫ  .  Here  ݂  is  ߜ − ࣝ continuous but not strongly ߠ − ࣝ continuous .   Since for any  ܸ ∈ ܸ∗  we have , ߪ = ܺ , we conclude that  ݂  is  ߜ − ࣝ continuous . Consider the point  ܾ in( ܺ , ߬ , ࣝଵ ) . Now ሼ ܾ ሽ is an open nbd. of  ܾ = ݂(ܾ) in  ( ܺ , , ߪ ࣝଶ ). But there is no open nbd.  ܷ  of  ܾ  in  ( ܺ , ߬ , ࣝଵ )  such that  ݂( ∗ܷ) ⊆ ሼ ܾ ሽ . Hence  ݂  is not strongly ߠ − ࣝ continuous . 
Example 3.5 : Let ܺ = ሼ ܽ , ܾ , ܿ ሽ   ,   ߬ = ൛ ߶ , ܺ , ሼ ܽ ሽൟ   ,   ࣝଵ = ሼ ߶ , ܺ ሽ  , 
ߪ = ሼ ߶ , ܺ , ሼ ܽ ሽ , ሼ ܾ ሽ , ሼ ܽ , ܾ ሽ ሽ ,   ࣝଶ = ൛ ߶ , ܺ , ሼ ܾ ሽൟ ,  and the function  ݂ ∶  ( ܺ , ߬ , ࣝଵ )  → ( ܺ , , ߪ ࣝଶ )  be 
the identity function on  ܺ . Here  ݂  is almost ࣝ continuous but not  ߜ − ࣝ continuous function .  Clearly  ݂  is almost ࣝ continuous function .  Now consider the point  ܽ  in  ( ܺ , ߬ , ࣝଵ )  and  ܸ = ሼ ܽ ሽ  be an open nbd. of  ܽ = ݂(ܽ)  in  ( ܺ , , ߪ ࣝଶ ) .  In ( ܺ , , ߪ ࣝଶ ) , we have ݅݊ݐ( ∗ܸ) = (∗ሼܽሽ)ݐ݊݅ = , ܽ ሼ )ݐ݊݅ ܿ ሽ) = ሼ ܽ ሽ . Again in  ( ܺ , ߬ , ࣝଵ )  open nbd. of  ሼ ܽ ሽ  are  ሼ ܽ ሽ  and  ܺ  and  ݅݊ݐ(ሼܽሽ∗) = (ܺ)ݐ݊݅ = ܺ  , (∗ܺ)ݐ݊݅ = ܺ . Thus 
there is no open nbd. of  ܷ  of  ܽ  in   ( ܺ , ߬ , ࣝଵ )  such that  ݂൫݅݊ݐ( ∗ܷ)൯ ⊆ )ݐ݊݅ ∗ܸ) . Hence  ݂  is not  ߜ − ࣝ 
continuous function . Definition 3.6 :  A convex topological space  ( ܺ , ߬ , ࣝ )  is said to be  an  ܵࣝ − ܴ  space if for each  ݔ ∈ ܺ  and each open nbd.  ܸ  of  ݔ  there exists an open nbd.  ܷ  of  ݔ  such that  ݔ ∈ ܷ ⊆ )ݐ݊݅ ∗ܷ) ⊆ ܸ .  Theorem 3.7 :  For a function  ݂ ∶  ( ܺ , ߬ , ࣝଵ )  → ( ܻ , , ߪ ࣝଶ )  the following properties are true : (a) If  ܻ  is an ܵࣝ − ܴ  space and  ݂  is  ߜ − ࣝ continuous , then  ݂  is continuous . (b) If  ܺ  is an  ܵࣝ − ܴ  space and  ݂  is almost ࣝ continuous , then  ݂  is  ߜ − ࣝ continuous . Proof :  (a)  Let  ܻ  be an ܵࣝ − ܴ  space and ݔ ∈ ܺ . Then for each open nbd.  ܸ  of  ݂(ݔ) , there exists an open nbd.  ܹ  of  ݂(ݔ)  such that  ݂(ݔ) ∈ ܹ ⊆ )ݐ݊݅ ∗ܹ) ⊆ ܸ . Since   ݂  is  ߜ − ࣝ continuous , there exists an open 
nbd.  ܷ  of  ݔ  such that  ݂൫݅݊ݐ( ∗ܷ)൯ ⊆ ))ݐ݊݅ ∗ܹ) . Since ܷ  is an open set , ݂(ܷ) = ݂൫݅݊ݐ(ܷ)൯ ⊆ ݂൫݅݊ݐ( ∗ܷ)൯ ⊆
)ݐ݊݅ ∗ܹ) ⊆ ܸ   ݅. ݁., ݂(ܷ) ⊆ ܸ . Hence  ݂  is continuous .                     (b)   Let  ݔ ∈ ܺ  and ܸ  be an open nbd. of  ݂(ݔ) . Since  ݂  is  almost ࣝ continuous , there exists an open nbd.  ܷ  of  ݔ  such that  ݂(ܷ) ⊆ )ݐ݊݅ ∗ܸ) . Again since  ܺ  is an  ܵࣝ − ܴ  space there exists an open nbd.  ܹ  of  ݔ  
such that  ݅݊ݐ( ∗ܹ) ⊆ ܷ . Thus  ݂൫݅݊ݐ( ∗ܹ)൯ ⊆ ݂(ܷ) ⊆ )ݐ݊݅ ∗ܸ) . Hence  ݂  is  ߜ − ࣝ continuous . 
Corollary 3.8 :   If  ( ܺ , ߬ , ࣝଵ )   and  ( ܻ , , ߪ ࣝଶ )   are  ܵࣝ − ܴ  spaces , then the concepts on a function  ݂ ∶  ( ܺ , ߬ , ࣝଵ )  → ( ܻ , , ߪ ࣝଶ )  ,  ߜ − ࣝ continuity , continuity , almost ࣝ continuity are equivalent . Definition 3.9 :  A function  ݂ ∶  ( ܺ , ߬ , ࣝଵ )  → ( ܻ , , ߪ ࣝଶ )  is said to be almost  ࣝ − ܴ  if for each  ݊݁ − ࣝ open set   ܷ  in  ܺ  ,  ݂(ܷ)  is open in  ܻ . Theorem 3.10 :  If a  function  ݂ ∶  ( ܺ , ߬ , ࣝଵ )  → ( ܻ , , ߪ ࣝଶ ) is  ߠ − ࣝ continuous and almost  ࣝ − , ܺ ) where ݊݁ ߬ , ࣝଵ ) is  ߬ − ࣝଵ semi compatible , then ݂  is  ߜ − ࣝ continuous . Proof :  Let  ݔ ∈ ܺ  and  ܸ  be an open nbd. of  ݂(ݔ) . Since  ݂  is  ߠ − ࣝ continuous , there exists an open nbd. 
ܷ  of  ݔ  such that  ݂( ∗ܷ) ⊆ ∗ܸ . Thus  ݂൫݅݊ݐ( ∗ܷ)൯ ⊆ ݂( ∗ܷ) ⊆ ∗ܸ  . Now  ݅݊ݐ( ∗ܷ)  is an  ܴ − ࣝ open set in  ܺ . 
Since  ݂  is almost  ࣝ − )ݐ൫݂݅݊  , ݊݁ ∗ܷ)൯  is an open set in  ܻ  which is contained in  ∗ܸ . So we have ,  
݂൫݅݊ݐ( ∗ܷ)൯ ⊆ )ݐ݊݅ ∗ܸ) . Hence  ݂  is a ߜ − ࣝ continuous function .       
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